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book for the use of Students reading for the Mathe- 
matical Tripos. Many of the higher applications of 
the subject are therefore either omitted entirely or 
treated very briefly. At the same time the Author 
believes that the book includes as much as the great 
majority of Cambridge Students have time to master 
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farther acquaintance with the subject will perhaps find 
a work like the present not unsuitable as an intro- 
duction to the more complete treatises of Salmon and 
others. 

The Author begs to thank those of his friends who 
have kindly assisted him by revising the manuscript 
and proof-sheets, and will feel obliged to any one who 
will offer corrections or improvements. 

Examples, selected chiefly from recent College and 
University Examination Papers, will be found at the 
end of each Chapter. 
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INTRODUCTORY THEOREMS. 



1. The position of a point in space is usually determined 
by referring it to three planes meeting in a point. This po'nt 
is called the origin, the three planes the co-ordinate planes, and 
the three lines of intersection of the planes the co-ordinate 
axes. The point of intersection of the three planes is usually 
designated by the letter 0, and the lines of intersection by the 
letters Ox, Oy, Oz. They are called the axes of aj, y, and z 
respectively, and the planes yOz, zOxy xOy are called the 
planes of yz, zx, ocy respectively. If the three planes otyz, zx, 
xy, and consequently the three lines Oxy Oy^ Oz, are at right 
angles to each other, the co-ordinates are said to be rectangular, 
and in all other cases oblique. We shall generally make use 
of rectangular co-ordinates, but in some cases the proofs and 
the results obtained will hold good equally whether the axes be 
at right angles or not. 

2. The position of any point P relatively to these three 
planes is known, if its distance from each, measured parallel to 
the intersection of the other two, be known. 

For let PH, PK, PL be drawn thi-ough P parallel to 
Ox, Oy^ Oz respectively to meet the planes of yz, zx, xy in 
HyK,L\ and let a plane through PL, PK, which by Euclid, XI, 
15, is parallel to the plane of yz, meet Ox in M. Let also a 
plane through PH, PL meet Oy m N, and a plane through 
PH, PK meet Oz in R. Then if KB, KM be joined, KMOR 
is obviously a parallelogram, and KB therefore equal to OM, 

A. G. 1 
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Similarly RKPH is a parallelogram, and KB equal to PH, 
Hence PH is equal to OM, and similarly PL to ORy PK to 
ON. If therefore we measure ofif from Ox, Oy^ Oz, respectively, 
lengths OM, ON, OR equal to the given distances of P from 
the co-ordinate planes, and through M, N, R draw planes 
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parallel to those of yz^ zx, xy, these planes will intersect in P, 
the position of which is therefore determined. The lengths 
PH, PK, PL, or OM, ON, OR^ which are equal to them, are 
called the co-ordinates of P, and aa:e usually denoted by the 
letters x, y, z. 

3. If the line a;0 be produced through to x\ and 
from Ox' we cut off a length OM" equal to OM, and repeat the 
preceding construction, we obtain a point P whose absolute 
distances from the three co-ordinate planes are the same as 
those of P. We must therefore have some convention to en- 
able us to distinguish between these two points. The following 
is usually adopted. 

2%e co-ordinates are considered positive if measured in one 
direction along the axes from 0, and negative if measured in the 
opposite. 

The positive directions for the thtee axes are usually taken 
to be those represented in the figure by Ox, Oy, Oz, and the 
negative directions to be Oa?', Oy\ Oz\ 
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It will be seen that the whole of space is divided by the 
co-ordinate planes into eight compartments, and the signs of the 
co-ordinates of any point indicate in which of these compart- 
ments it is situated, while their absolute magnitudes indicate 
its position in that compartment. Thus the co-ordinates of a 







point whose absolute distances from the co-ordinate planes are 

a, A 7 are represented by (a, A 7)* (-«, A7). (a^-A 7), 

(a,A-7), (^-A-7), (7a,/3,-7)> (-«,-A7), (-a,-A-7), 
according as the point lies in the compartment Oxyz, Oxyz, 

Oxy'z, OxyZy Oxy'z', Ox'yz, Oxy'z^ Oxyz\ respectively. 

4. To find the distance of a point from ihe origin in terms 
of its co-ordinates. 

In this and articles 5, 6 and 8 the co-ordinates are supposed 
rectangular. 

Let P be the point, Xy y, z its co-ordinates. Through P draw 
planes parallel to the co-ordinate planes and forming with them 
a parallelepiped of which OP is the diagonal and PL the edge 
through P parallel to Oz. 

Join OP and OL, Then since PL is parallel to Oz which 
is perpendicular to the plane of xy, PL is perpendicular to the 
plane of xy, and therefore to the line OL which lies in that 
plane. (Euclid, xi. De£ 3.) 

Hence OP" = OU + PL\ 

1—2 
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...(2), 



But OV^OM' + MU', 

.-. OP'^OM^-VMU + PU^a?-Vy'-Vz^ (1). 

5. Let a, yS, 7 be the angles between OP and the axes 
of a?, y, z respectively. Join PM, Then since Ox is perpen- 
dicular to the plane PLM^ it is perpendicular to PM. 

Hence 

OJbf = OPcos POM— OP cos a; or a? = r cos «/ 
Similarly, 

0N= OPcosPOiV"= OPcos/3; ory==rcos/3 
OB = OPcos POiZ = OP cos 7 ; or « = r cos 7 

X, y, z being the co-ordinates of P, and OP being denoted 
byr. 

Squaring and adding, we get 

Oif*+ 02P+ 0B^=- OP" (cos* a + cos»/3 + cos' 7), 
or taking account of (1), 

l = cos'a + cos^)8 + cos^7 (3). 

The letters I, m, n are frequently used to denote cos a* 
cos P, cos 7, which are called the direction-cosines of the hne OP, 
It is usual to denote by a, P, 7 the angles which OP makes 
with the positive directions of the axes, in which case the for- 
mulse (2) hold for all positions of the point P. • 
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6. To find the distance between two points whose co-ordinates 
are given. 

Let P and Q be the two points ; aj^, y^, z^ ; a?,, y„ z^ their 
co-ordinates. Join FQ, and through P and ^ draw planes 
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parallel to each of the co-ordinate planes, thus forming a par- 
allelepiped whose edges are parallel to the co-ordinate axes, and 
are equal in length to oj, — a?^, y^ — y^ z^ — ^^, respectively. 



As in Art. 4, we obtain 



(4). 



We have also formulae similar to those of equation (2), if 
a, ^8, 7 be the angles between PQ and the lines drawn through 
P parallel to the axes, viz, 

PH— x^ — x=^PQ COQ a =^lr 1 

Pi/=y, — yi = PQcosi8 = mr J (5), 

PL = z^-'Z^ = PQ cos y=nr j 

where r represents the length of PQ, and Z, m, w are the direc- 
tion-cosines of PQ. 
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7. To find the co-ordinates of a point which divides the 
straight line joining two given points in a given ratio. 




Let P, Q be the two given points, and iZ the point In PQ 
which divides FQ in the given ratio of n^ to n,. Let x^, y^, z^ 
be the co-ordinates of P, x^^ y,, «, those of Q, a?', y\ z' those 
oiR. 

Draw PM, RH, QK parallel to the axis of z to meet the 
plane of xy in M, H, K, These points all lie in one straight 
line, namely that in which a plane through PQ parallel to the 
axis of z cuts the plane of xy. Draw PJ^i^ parallel to MHKio 
meet RH in E and QK in F, 

PM=z^,RH = z, QK=z^. 

RE PR ^ ^ 
QF^PQ w, + n,* 

z' — 0, 71, 



Then 
Also 



or 



««-«! 



whence 



Wi + rij ' 
«' (n^ + Wg) = Wj «g + w, 5?^; 



• • » — 

Wi -f- Wj 



Similarly it may be shewn that 



^._ n,a;, + n,a?, ._ n,y^ + n^. 
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If R be the middle point of PQ, n^ = n^ and we have 

2 '^" 2 ' 2 • 

8. To find the angle between two straight lines whose direc- 
tion-cosines are given. 

Since by Euclid, xi. 1 0, the angle between any two straight 
lines is equal to that between any other two parallel to them, 
we need only consider the case of two lines through the origin. 

Let OPy OQhe the two lines ; l,m,n the direction- cosines 




of 0P\ t, in, n* those of OQ. Let x^, y^, z^^ be the co-ordinates 
of P any point in 0P\ x^ y^ z^ those of Q any point in OQ. 

Then by Ai-t. (6) 

But by Art. (4) 

xl^yl^-z^^OP", 

And by Art. (5) 

x^ = OP. h yi = OP. m, z^ = OP. n, 
x.^OQ.r, y,=-OQ.m, z.^OQ.n; 

and .*. a?ia?a + y i3/a + «A= OP.OQ {U + mm + nn). 

Hence Pg'==OP'+ OCt-'iOP. OQ {IV + mm' ^nn*). 
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But by Trigonometry we have from the triangle OPQ 
P(2«= 0P«+ 0(3«-2 OP. OQ.cosPOQ. 

Comparing these two expressions for PQ^, we get 

COB POQ = U' + mm + nn (6). 

The formulaB (1), (3), (4) and (6) are of very frequent use, 
and should be carefully remembered by the student. 

From (6) we can deduce 

sin»POG= 1 - {U' + mm' + nny 

= (mn - m'ny + {nV - n7)» + {Im' - Z m)». 

9. If from the ends of a straight line PQ of limited length 
there be drawn perpendiculars on a fixed plane and the feet of 
these perpendiculars be joined by a straight line, the joining line 
is called the projection of PQ on the plane. Thus in the figure 
to Art. (6) if the edges LP, QN of the parallelepiped PKQM be 
produced to meet the plane oi xyin E and F, EF is the pro- 
jection of PQ on the plane of ary, and is equal and parallel to PN* 

Also 

PN^PQcobQPN. 

But QPN is equal to the angle which PQ makes with the 
plane of xy. Hence we derive the theorem : 

The projection of a straight line of limited length on a given 
plane is eqvxil to the length of the line mvltiplied by the cosine 
of the angle between the line and plane, 

10. If again from P and Q we draw perpendiculars on some 
fixed line, the portion of the second line intercepted between the 
feet of these perpendiculars is called the projection of PQ on the 
fixed line, and the following theorem holds : 

The projection of a straight line of limited length on a second 
straight line, is equal to the length of the first line multiplied by 
the cosine of the angle between the two lines ; understanding by 
the angle between two lines which do not meet, the angle between 
any two lines parallel to them which do m^et. 

This theorem is proved as follows : 

Let PQ be the line of limited length, and AB the line on 
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which it is to be projected. Through P draw PR parallel, 
and PA perpendicular to AB, Through Q draw a plane 
perpendicular to AB meeting AB in B, and PB in B. Join QB, 
BB, BQ. Then AB is the projection of Pft for AB is perpen- 
dicular to QB which lies in the plane QBB. Then since PB is 




parallel to -4 J9, which is perpendicular to the plane BBQ, PB is 
also perpendicular to this plane and therefore perpendicular to 
QB and BB. Hence PBBA is a parallelogram, and therefore 
AB = PB. But PB = PQ cos QPB, since PjB ^ is a right angle. 

Therefore 

AB = PQ cos QPB, 

the theorem required. 

11. If we take any two points P, Q, and draw from P in any 
direction a straight line PB of any length, from B a straight line 
BS, and join SQ ; and from P, B, 8 and Q draw perpendiculars 
PA, BG, 8D, QB on AB ; AG, GD and DB wiU be the projec- 
tions of PB, BS and/S^ on AB ; and as long as A, G, D, B fall in 




the order represented in the figure, the arithmetic sum of these 
projections is equal to AB, the projection of PQ. The same would 
be true if we had taken any number of lines between P and Q. 
If however G fall to the right of i>, or (7 or i? fall to the right of 
5 or to the left of A, this will be no longer the case. We may 



10 
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agree to consider the projection of a line to be equal to its 
length multiplied by the cosine of the angle which it makes 
with the second line, those angles being always taken which 
are formed by the successive lines PR, BS, SQ with AB 
towards the same part. Thus if I) come to the left of C, 
the angle between ES and AB will be obtuse, and the projec- 
tion of jR^ will be negative. And since 

AC-CD + BB = AB, 
we still have the theorem that " the algebraical sum of the pro- 
jections on a given line, of a series of lines hy which we pass from 

S 




one point to a second, is equal to the projection on the same line, of 
the straight line joining the two points,*' 

This statement may be illustrated thus. Suppose a point to 
move from Pto Q along PE, JRS, 8Q, and from each of its suc- 
cessive positions imagine a perpendicular let fall on AB, As the 
point moves along PE, the foot of this perpendicular will move 
along AB from A towards B, or in the opposite direction, accord- 
ing as the angle between PE and AB is acute or obtuse, and the 
length traversed by it along AB is the projection of PE, and is 
positive if it travels from A towards B, and negative if in the 
opposite direction. It is clear that as the moving point passes 
from P to Q, the foot of the perpendicular will pass from A to B, 
and hence AB which is the projection of PQ will also be the 
algebraical sum of the distances travelled by the foot of the 
perpendicular, or of the projections of PE, ES, SQ. The same 
theorem will be obviously true if instead of three lines we have 
any number. By the angle between PE and AB is meant the 
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angle which would be formed if from any point were drawn lines 
in the directions of PR and AB. Thus the angle between PR 
and AB is the supplement of that between RP and AB. 

12. By means of the result of the last Article, another 
proof of the formula (6) of Art. 8 can be'obtained. 




If, in the figure of that Article, QNh^ drawn parallel to the 
axis of z to meet the plane of xy in N, and -^Tif drawn parallel 
to Oy to meet Ox in if, it follows that the projection of 0^ on 
OP is equal to the sum of the projections of OM, il/xVand NQ 
on OPy that is, if d be the angle PO Q and Z, m, n ; Z', m, n be 
the direction-cosines of OP and OQ respectively, 

OQcos0= OM.HMN.m + NQ.n 

= OQ.l'J+ OQ.m.m+OQ.n'.n; 

/. cos 6 = U -^ mm! + nn. 

« 

13. To find the distance of a point from the origin when the 
co-ordinates are oblique. 

The formulae of Arts. 4, 5, 6 and 8 were obtained on the sup- 
position of rectangular co-ordinates. Let Ox, Oy, Oz be oblique 
axes, and P any point. Through P draw planes parallel to the 
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co-ordinate planes to meet the axes in M, If, B; and join OP. 
The ratios of OM, ONsLud OR to OP will be clearly the same 




whatever be the position of P, provided it lie in the same straight 
line through 0. These ratios are called the direction-ratios of 
the line OP, and are usually denoted by the letters Z, m, n. 
We then get formulae corresponding to those of Art. (5), 

x^l.OP, y^m.OPy z^n.OP. 

Again, let \, /*, v be the angles between (Oy, Oz), {Oz, Ox), 
{OoOy Oy), Then we have, if Pi be the edge of the parallele- 
piped through P parallel to Oz, 

OV^ 0]iP + Mr-'2 OM.MLcoB OML 

= a? + y'+ 2xy cos v. 

And 0P»= OU+PU-^OL.PLco^ OLP. 

But the projection of OL on OR is equal to the sum of the 
projections of OM and ML on OR, or by Art. 9, 

cobROL = OJf cos jj. + ML cos \ = - OL cos OiP; 
and therefore 

OP" = a? 4 y' + «* -f- 2yz cos X + 2zx cos /* + 2xy cos v. 

Combining this with the formulas x = l. OP, y = m.OP, 
z = n. OP, we get 

l = P + m'+ n^ + 2mncoB\ + 2nlcosfi'\'2lmcoav (1), 
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the relation which holds between the direction-ratios of any 
straight line. 

In the same manner we could shew that the distance be- 
tween two points x^, y^y z^; x^ yj, «2 ^ 

(a?,-a?J*+ (yi-y,)"+ (5?,- «/+ 2 (y,-y,) (0^-5?,) cosX 

+ 2{z^-z^ (a?, - a;,) cos /A + 2 (a:, - oj,) {y^-y^)coQv. 

And as in (8) that the cosine of the angle between two lines 
whose direction-ratios are l,m,n\ V, m\ n is 

IV + mm! + nn' + {mri + m!n) cos \ 

+ {nV + n'Z) cos fi + (Zm' + ?m) cos i/. . . (2). 

14. The volume of the parallelepiped of which OP is the 
diagonal is evidently equal to the product of the area of the 
parallelogram OMLN into the perpendicular from R on the 
plane of xy. If be the angle between OR and a line perpen- 
dicular to the plane of xy, this volume would equal 

OM.ON&iavx ORcosO 

= xyz . sin 1/ . cos 0. 

But if l\ m', n' be the direction-ratios of the line through 
perpendicular to the plane of xy, since it is perpendicular to 
Ox and Oy whose direction-ratios are (1, 0, 0), (0, 1, 0) respec- 
tively, we have, by formula (2) of the last Article, 

Z'+m'cosi/ + n'cos/A=0 (1), 

rcosi/ + m' + 7i'cos\ = (2), 

And since it makes an angle with Oz whose direction-ratios 
are (0, 0, 1) we have 

n' -h r cos /A + m' cos\ = cos (3). 

From these, since by formula (1) of the last Article 

V (t + 7w' cos v + n cos fi) + m' {mf + n cos \ + l' cos v) 
+ n (n + r cos fi + rn cos \) = P + 7n^ + w'* 

+ 2m n cos \ + 2n'l' cos fi + 2ZW cos v = 1, 
we have w'cos^=l (4). 
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And from (1) and (2) we have 



n 



cos /A — cos \ cos V cos \ — cos fi cos V cos' i; — 1 

_. co^^ , . . 

cos* \ + COS*/* + COS* 1/ — 2 COS \ cos ft COS i; — i ^ ^ '' 

whence we get 

COS* 6 sin* i; = 1 — cos' \ — cos' fi — cos' i/ + 2 cos \ cos /* cos i/. 

And the volume of the parallelepiped becomes 

xyzjl — cos* X — cos* ft — cos* v + 2 cos X . cos/a . cos v. 

The volume of the tetrahedron cut off from the co-ordinate 
axes by a plane through jB, M, N, is evidently one-sixth of the 
above expression. 

16. The position of a point in space is sometimes determined 
by means of polar co-ordinates. Thus if Ox, Oy, Oz be rectangular 




axes and P any point, the position of P is clearly determined if 
we know OP the distance of P from the origin ; the angle POz 
which OP makes with a fixed line the axis ot z\ and thirdly, 
the angle between the plane through OP and Oz and some 
fixed plane through Ozy as the plane of zx. These are called 
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the polar co-ordinates of P and are usually denoted by the 
letters r, 9, 4>. They are connected with the rectangular co- 
ordinates of P referred to the axes Ox, Oy, Oz by very simple 
relations which can be obtained thus. Draw P^ parallel to Oz 
to meet the plane of xy in N, and -ATikf parallel to Oy to meet Ox 
in M, Join ON. 

Then 

x=OM= 0^cos^= OPsin^cos^=rsin^cos^, 
y = MN= OJVsin ^ = OP sin ^ sin ^ = r sin ^ sin ^, 
z^PN^ OP cos 0=^rcos0, 
from which we can obtain the equivalent system 

r^^x' + f + z", 

tan^=:^^±2, 
z 

tan A = - ; 
which give r, ^, ^ in terms of x, y, i^. 



EXAMPLES. 

1. Find the distances between each pair of the points 
whose co-ordinates are (1, 2, 3), (2, 3, 4), (3, 4, 5) respectively. 

2. Prove that the triangle formed by joining the three 
points whose co-ordinates are (1, 2, 3), (2, 3, 1), (3, 1, 2) respec- 
tively is an equilateral triangle. 

3. The direction-cosines of a straight line are proportional 
to 1, 2, 3 ; find their values. 

4. The direction-cosines of a straight line are proportional 
to 2, 3 and 6 ; find their values. Find also the angle between 
this line and that in question (3). 
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5. Find the angle between two straight lines whose direc- 
tion-cosines are proportional to 1, 2, 3 and (5, —4, 1) respec- 
tively. 

6. -4, J9, (7 are three points on the axes of x, y, z respectively ; 
if OA =a, OB — h, OG^c, find the co-ordinates of the middle 
points of AB, BC and CA respectively. 

7. In the last question find the co-ordinates of the centre 
of gravity of the triangle ABC and the distances of this point 
from A, By C respectively. 

8. Shew that if i?, ^ be the middle points of BG^ CA in 
the last question, i>^= \BC. 

9. Find the distance between two points in terms of their 
polar co-ordinates. 

10. The co-ordinates of a point are (^3, 1, 2 JZ) ; find its 
polar co-ordinates. 

11. The polar co-ordinates of a point are (4, ^ > « J ; find its 
rectangular co-ordinates. 
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THE STRAIGHT LINE AND PLANE. 



16. Before proceeding to find the equations of the straight 
line and plane, we must examine the nature of the locus repre- 
sented by an equation of the form 

F{x,y,z) = (1). 

Solving with respect to z we obtain 

where 19 paay have one or more values for each set of values of 
X and y. Hence if we take any point in the plane of xy whose 
co-ordinates are a, 6 we get one or more values of z, that is, the 
straight line drawn through the point (a, h) parallel to the axis 
of z will meet the locus in one or more definite points. Hence 
the equation (1) must represent a surface and not a solid figure. 
Two equations 

considered as simultaneous will be satisfied by the co-ordinates 
of all the points of intersection of the two surfaces 

that is, will represent a line. 

The simplest line with which we are acquainted is the 
straight line, and the simplest surface the plane. It would per- 

A, G. 2 
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haps be more logical to find the equation of the plane first, and 
then, since any two planes intersect in a straight line, the equa- 
tions of two planes considered as simultaneous would represent 
a straight line. The equations of a straight line can however 
be obtained most simply without reference to that of a plane, 
and we shall therefore invert the apparently natural order. 

17. To find the equaiions of a straight line. 

Let I, m, n be the direction-cosines of the straight line, 
a, 13, 7 the co-ordinates of some fixed point in it, and x, y, z 
those of any other point in it. Also let r be the distance be- 
tween these points. Then by Art. (6) we have 

x — a = lr, y-^fi^mrj z — y^nr, 

x-a y-p z-r>f 
or — f— = - = - = r (1). 

Ttese are the symmetrical equations of a straight line. If 
A, B, C be any quantities which are proportional to ?, m, n, 
we can replace these equations by 

A 5~"""C" ^^^' 

but these fractions are no longer equal to r. Conversely any 
equations of the form (2) represent a straight line whose direc- 
tion-cosines are proportional to A, B, C. The values of these 
direction-cosines can be foimd ; for supposing them to be Z, m, n, 
we have 

j^ __ m _ n _ "^P + 171^ + 11^ _ 1 

The equations (2) can be also written thus : 



Or writing 






B ^ B C C 
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:} (8). 



z = nx + q 

which are the simplest forms of the equations of a straight line, 
and useful in many cases. The student is however advised 
especially to attend to the forms (1) and (2). 

The equations in (3) are those of planes drawn through the 
line parallel to the axes of z and y respectively, the intersections 
of which with the planes of xy and zx are the projections of the 
given line on those planes. (Art. 19.) 

18. To find the equations of a straight line passing through 
two given points. 

Let a, /8, 7 ; a', ^, y be the co-ordinates of the two given 
points. 

By the last article the equations of any straight line through 
(a, 13, y) can be written in the form 

x-a^ y-P ^z-y .^. 

I m "^ n ^ 

But if the line also pass through the point (a', ff, y) we must 

have 

a -PL ^ P' - fi _^ y-y /gy 

I ra n 

Dividing each member of (1) by the corresponding member 
of (2), we get as the equations required 

X — QL y — 13 _ z —7 

19. To find the equation of a plane. 

Let OD be drawn perpendicular on the plane from the 
origin, and let the length of OD be p, and Z, m, n its direc- 
tion-cosines. Let P be any point in the plane. Then since OD 
is perpendicular to the plane it is perpendicular to PD. Hence 
OD is the projection of OP on OD. 

Draw PM parallel to Oz to meet the plane of xy in M, and 
Jfjy parallel to Oy to meet Ox in N, Then the projection of 
OP on OD is the sum of the projections of ON, NM and MP 

2—2 



20 



THE STRAIGHT LINE AND PLANE. 



on OD, But these are Ix, my, nz, respectively, and the projec- 
tion of OP on OD is p. Hence 

lx + my + nz=ip (1); 




a relation which is satisfied by the co-ordinates of any point 
in the plane, and therefore the equation of the plane. 

If the plane is perpendicular to one of the co-ordinate planes, 
as for instance that of a?y, OD will lie in that plane, and we 
have n = 0. Hence the equation in that case becomes 

lx+my=^p (2), 

and does not contain the variable z* 

If the plane is perpendicular to two of the co-ordinate planes, 
as those of xy and zx,l = l,m=^Oyn = 0, and the equation be- 
comes 

a^=i> (3). 

These results are geometrically evident. 

20. To find the equation of the plcme in terms of its inter- 
cepts on the axes. 

This can be deduced from the equation (1) in the last article, 
but may also be^obtained independently thus. 

Let the plane cut the axes in A, B^ C; and let any plane 
parallel to that of yz cut the co-ordinate planes of zx, xy in 
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the lines BN, NQ, and the given plane in RQ. Let P he any 
point va. RQ and therefore amy point in the plane. Then hy 
Euclid, XI. 16, the lines RN, NQ, QR are parallel to the lines 
CO, OB, and BG, respectively. Draw PM parallel to RN to 
meet QNvo. M. 

Let ON'=x,NM=y, MPz=z, OA^a, 05 = 6, 0(7 = c. 

Then by similar triangles 

PM MQ _NM 



Also 



Hence 



RN NQ NQ' 

RN AN NQ 
C0~ AO~BO' 

PM RN AN NM NQ 



jBJV^ CO AO NQ 



BO' 
ON 



• • 



PM . MN_ AN_ ., 
CC^ B0~ AO AO' 



or 



- + I + -1 
a o c 



(*)• 



21. All these forms of the equation of the plane are in- 
cluded in the form 

Ax + By{-Cz^D (6). 

Conversely we can shew that any equation of the form (6) 
represents a plane. 
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For let a, 13, y; a', /S', 7' be the co-ordinates of any two 
points in the locus represented by (5). The equations of the 
straight line joining these are 

x^ay-^fi _z-y . 

a'-.a"'i8'-/8"7-7 "• ^ '' 

But since (a, 13, 7), (a, ^, 7') lie on (5) we have 

Aa + Bl3-{-Cy=^D, 
AJ+B^+Cy^R 
Subtracting, ^(a-a') +J5(/3-^) + (7(7-7) = 0. 
And therefore by (6) 

^(aj-a)+5(y-i8)+(7(«-7) = 0, 
where x, y, z are the co-ordinates of any point in the line (6), 
or Ax-^-By-^- Cz = Aa + Bfi+ Oy = D. 

Hence x, y, z, the co-ordinates of any point in the line (6), 
satisfy the equation of the locus. That is, if any two points be 
taken in the locus of (5) and be joined by a straight line, this 
straight line lies wholly in the surface. Therefore the surface 
represented by (5) is a plane. 

An equation of the form 

Ax-^-By^ D 

represents a plane perpendicular to the plane of ocy, and an 
equation of the form 

Ax = D 

represents a plane perpendicular to the ^axis of x, (Ai-t. 19). 
These are particular cases of (5), and may be obtained from (5) 
by making first C to vanish, and secondly both B and G to 
vanish. 

22. To find the distance from the origin of the point at 
which the plane (5) cuts the axis of x we must put y = and 

2r = 0. We thus obtain Ax = D or x = -r. Or if this distance 

A 

be called a, -j=a* Similarly ^^b, yt^c; and substituting 

for A, B, C in (5) we get 
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a c 

or - + f + - = 1, 
a c 

the equation found in Art. 20. 

23. By Art. 19 it appears that every plane can be repre- 
sented by an equation of the form 

Ix + my + nzssp, 

where I, m, n are the direction-cosines, and p the length, of the 
perpendicular from the origin on the plane. But 

represents a plane. Hence if these represent the same plane 
we have 

Also P+w' + n"=l; 

A 



.-. Z = 



m = 



n = 



andp = 



B 
G 
D 



Thus the direction-cosines of the perpendicular from the 
origin on the plane 

Ax + Bt/+ Gz^D 

are proportional to -4, B, (7, and the length of the perpendicular 
. D 

24. The angle between any two planes whose equations 



IS 



are 



Ax^By+Cz^D, 
A'x + B^y+Cz-:^iy, 
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is the same as the angle between the perpendiculars on them 
from the origin. But the direction-cosines of these perpen- 
diculars are (Art. 23) 

A B C 

jaftwtg^' j^twvg^' jjr+wvc' 

A' B G 



jA'^ + B*+0'' JA'^ + B^+G*' JA''+B*+G'^' 

and the cosine of the angle between the planes is therefore 
equal to 

AA' + BB+CCr 

JA^ + B^TC^JA'^-^B'+G'^' 

The condition that the two planes should be at right angles 
is therefore 

AA' + BB+CG'^O. 

The conditions that they should be parallel may be obtained 
by equating the cosine of the angle between them to unity. 
It will be found that this leads to the conditions 

A __£_G^ 
A'^B" G" 

These may be also obtained independently from the con- 
sideration that the direction-cosines of the perpendicular on the 
one plane are proportional to^A, B, G, and those of the perpen- 
dicular on the other to A\ B', G ; and if the planes be parallel, 
and consequently the perpendiculars from the origin on them 
coincident, we must have A, B, G proportional to -4', B, G\ or 

A_B__G^ 
A'^B' G" 

25. The equation of a plane through a point (a^ 13, y) parallel 
to the plane 

Ax + By+Gz^D (1) 

is easily seen to be 

^ (a? - a) + 5 (y - /3) + a (^ - 7) = 0, 

or Ax + Bi/^ Gz==-Aa + BI3-\- Gy (2). 
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For this equation does represent a plane parallel to (1) by 
the last article, and it is satisfied by the values 

Now the length of the perpendicular from the origin on the 

plane (1) 

' D 



and the length of the perpendicular from the origin on the 
plane (2) is similarly 

Aa + Bfi+Gy 
jA' + ff+C'' 
The difference of these, or 

(Aa + B^+Oy)'-D 

JaF+WTu' ' 

is the length of the perpendicular from the point (a, 13, y) on the 
plane (1). 

K we take the equation of the plane in the form 

Ix + my + nz--p = 0, 

the numerical value of the length of the perpendicular from any 
point (x, y, z) on this plane is 

+ {Ix + my + nz — p). 

It is easily seen, that the expression 

Ix + my + nz—p 

is positive if the point (x, y, z) is on the opposite side of the 

plane from the origin, and negative when the point (a?, y, z) is on 

the same side of the plane as the origin. If the expression be 

denoted by a, the length of the perpendicular from any point 

on the plane 

a = 

is + a or — a, according as the point and the origin are on op- 
posite or the same side of the plane. 

26. If we take four planes forming a tetrahedron whose 
equations are 

a = 0, /8 = 0, 7 = 0, 8 = 0, 
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all expressed in the form 

Ix + my + w« — p = 0, 
any other plane may be represented by the equation 

la + mp + n7 + j8 = 0. 

For this represents some plane, being of the first degree in a?, y, z, 
and since it contains three arbitrary constants, namely, the ratios 
of three of the quantities I, m, n, q to the fourth, it may be 
made to satisfy three conditions, and may therefore be made to 
represent any plane. 

This method of representing planes may be developed in a 
similar manner to that used for straight lines in Plane Co- 
ordinate Geometry (Todhunter*s Conic Sections, Cap. rv.). 
Thus the equations of the two planes bisecting the angles 
between the planes a = 0, ^ = 0, will be 

a-^ = 0anda + )8 = 0, 

the former bisecting that angle within which the origin lies, and 
the latter the supplementary angle. 

Any equation which is not homogeneous in a, /3, 7, 8, can be 
rendered so by means of the relation • 

Aa + £fi + Cy + DS = - SV, 

where Fis the volume of the tetrahedron, and A, B, C, D the 
areas of its faces. (Todhunter's Conic Sections, Art. 74.) 

27. If a straight line 

^ "■ jB "" (7 ^ ^ 

is parallel or perpendicular to a plane 

A'x + Bj/+ &z = D (2), 

it is perpendicular or parallel respectively to the perpendicular 
on that plane, whose direction-cosines are proportional to 
A\ E, C. 

The condition that (1) may be parallel to (2) is therefore 

AA -{■ Bff ^ CC ^0, 
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and the conditions that (1) may be perpendicular to (2) are 

28. It is often requisite to know th'fe length of the perpen- 
dicular on a given straight line from a given point. 

Let the equations of the straight line be 

A ^ B '^ G ^^' 

and let a', /S', 7' be the co-ordinates of the given point. 

The equation of any plane through (a', ^, 7') is 

X(^-a') + /^(y-i8') + i/(«-7) = (2). 

If this plane be perpendicular to (1) we have 

X _ 1^ ___ 1/ 

and its equation becomes 

^(a;^aO + 5(y-/8')+.(7(;3-7') = (3)> 

The point where this plane meets the line (1) is evidently 
the foot of the perpendicular from (a', ^, 7') on (1). 

Let then P be the point (a, ^, 7), F the point (a, ff, 7'), 





06 



and Q the foot of the perpendicular from P' on the line (1) ; 
therefore P^ is the perpendicular from P on the plane (3), 
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and we have p^^^ (a^-a) 4-^(^-/3) -f 0(^-7) ^ 

and rQF^PP^^Pi^ by the right-angled triangle FQP; 
.•.P'(2'=(a-a7+08-^7 + (7-7r 

29. To find the conditions that a straight line may lie 
wholly in a given plane. 

Let £-« y-y3 «-^ 

be the equations of the line, 

Ax-^B'y+Cz^D (2), 

the equation of the plane. 

Put each of the fractions in (1) equal to h 

Therefore 

and if the line (1) lies wholly in (2), these values of x, y, z 
must satisfy (2) whatever be the value of k. Hence the equa- 
tion 

A'a + BI3+ G'y^ D+ {AA' + BB' + CC')k = 0, 

must be satisfied independently of k* This gives us the two 
conditions 

A'a + B/a+Cy-D^O, 

AA' + BB^+CO'^O. 

The first of these equations denotes that the point (a, 13, y) 
lies in the plane (2), and the second that the angle between 
the line (1) and the perpendicular on the plane (2) is a right 
angle. These are evidently necessary and suflScient conditions. 

30. To find the shortest dista/nce between two straight lines 
whose equations are given. 

We must first prove that the shortest line between two given 
straight lines is perpendicular to each of them. 
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Let BCy AD be the two straight lines, and AB a line per- 
pendicular to each of them. Then AB is clearly storter than 
the line joining A with any other point of BG, and also than 
the line joining B with any other ppint of AD. Let P be any 




'A 
P 

D 

point in AD, and Q any point m BG. Then PA and QB are 
both perpendicular to AB, and therefore AB is the projection 
of PQ on AB, and is equal to the length of PQ multiplied by 
the cosine of the angle between them, and is therefore less than 
PQ, since the cosine of any angle is less than unity. 

^^ A " B G ^ ^' 

"A^ W C^ ^^^' 

be the equations of the two straight lines. Let the equation of 
any plane through (1) be 

P(af-a)+(2O-^) + i2(a?-7) = (3). 

Then we have, since (3) contains (1), 

PA+QS+BG=^0 (4). 

And if we take the plane through (1) to be also parallel 
to (2), we have 

PA'+QB' + Ba = (5). 

From (4) and (5) we have 

P Q _ R 

BG'-'BG^ GA - G'A AB - A'B' 
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The equation of a plane through (1) parallel to (2) is there- 
fore 
{BC'^SfC)(x-a)-h{CA'^C'A) {y^l3)+{Aff--A'B) (0-7) =0 (6). 

Similarly the equation of a plane through (2) parallel to 
(l)is 

The length of the perpendicular from the origin on (6) is 
{BG'-SCI)a + {GA--C'A)P+{AB-A'B)ri 
J{BC'-BGy+{CA'^ C'Ay + [AB'-ABf ' 
and the length of the perpendicular on (7) is 

{BC "BO) a' + {CA' --(TA) ff + {Aff ^ A'B) y' 
J{BC'-BCy+{ GA - G'Af + [AB - ABf" ' 

The diflFerence of these, or 

{BC'--BrC) (a-aO + (a^^- G'A) {^"l3') + {AB"A'B){y"y') 
J {BC --BGy+iGA- C'Af + {ABf - ABf 

is clearly the perpendicular distance between the two given lines. 

The equations of the line AB can be obtained by finding 
the equations of two planes, one of which contains the straight 
line BG and is perpendicular to the plane (6), and the other 
contains the line AD and is perpendicular to the same plane. 
Each of these planes evidently contains the straight line ABy 
and their equations considered as simultaneous determine the 
line. The requisite conditions for the two planes will be found 
in Articles 24 and 29. 

31. To find the condition that two straight lines whose equa- 
tions are gi en may intersect 

Let the equations of the straight lines be 

(1), 



■ A 


B 


' 


x — d 
A' ~ 


.y-P 


z-i 

c 



(2). 
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Then if they intersect, a plane can be made to pass through 
both of them. Let this plane be 

Since this contains the line (1) we have, by Art. 29, 

Pa-V Q^ + Ry = I)^ (3), 

PA+QB + IiC==o' (4). 

And since it contains the line (2) we have 

Pa'+e/3' + i?7=^ (5)> 

PA'+ QB + ItG' = (6). 

From (3) and (5) we have 

P(a-a') + e(i8-i8')+ ^(7-70 = (7). 

And eliminating P, Q, B from (4), (6) and (7) we get with 
the usual notation of determinants, 

A B G 
A' B C =0, 
a— a fi — ^ 7 — 7' 
or 
(a-aO {BC'-B' C) + {^-^) ( CA'- CA) + (7-7') {AB'-A'B)=0. 

A result which might have been obtained from the last article 
by the consideration that if two straight lines intersect their 
shortest distance vanishes. 

If the two straight lines be given by the equations 



Ax + By + Cz = I>) 



(8), 



(9), 



A'x + By+ C 

Px+Qy + Bz=8 
Px+Qy-^Ez^S ; 

the condition of intersection is obtained from the consideration 
that these four equations must be able to be satisfied by the 
same values of x, y, z. The condition for this is 

A B C D 

A' S c n 

P Q B S 

P Q[ R 8' 



= 0. 
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1. Find the equations of a straight line passing through 
the point (1, 2, 3) and whose direction-cosines are proportional 

to 73, 1 and 2 ^3. 

2. Find the equations of the straight line joining the two 
points whose co-ordinates are (1, 2, 3) and (3, 2, 1) respectively. 

3. Find the equations of the sides of the triangle formed 
by joining the points (1, 2, 3), (3, 2, 1), (2, 3, 1). Deduce the 
values of the angles of the triangle. 

4. Find the equation of the plane which passes through 
the three points in the last question, and the length of the per- 
pendicular on it from the origin. 

5. Find the equations of a straight line which passes 
through the point (1, 2, 3), and is perpendicular to the plane 

6. Find the equations of a straight line which passes 
through the point (1, 2, 3), and is perpendicular to the two 
straight lines in questions (1) and (2). 

7. Find the equation of a plane passing through two given 
points and perpendicular to a given plane. 

8. Find the equations of a straight line passing through 
the point (1, 2, 3) and parallel to the plane in question (4) and 
to the plane of xy. 

9. Find the equation of a plane passing through the point 
(2, 3, 4) and the straight line in question (1). 

10. Find the equations of a straight line passing through 
the point (2, 3, 4) and perpendicular to the straight line in 
question (1). 
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11. Find the equation of a plane which passes through 
a given point, and is perpendicular to each of two given 
planes. 

12. Shew that the equation of a plane in oblique co-ordi- 
nates can be put in the form 

X cos a + y cos ^+ z cos y=p, 

where p is the length of the perpendicular on the plane from 
the ori^n, and a, )8, 7 the angles which it makes with the 
axes. 

13. Shew that if a, )8, 7 be the angles between any straight 
line and the axes of co-ordinates, I, m, n the direction-ratios of 
the line, and \, fi, v have the meanings given in Art. 13, 

cos a = ? + m cos v-\-n cos /t, 

cos ^ = m + n cos X + l cos p, 

cos ry = n + l cos fjb + m cos X. 

14«. Deduce the conditions that in oblique co-ordinates the 
straight line 

I m n 
may be perpendicular to the plane 

Ax + By+Cz=D. 

15. Shew that the locus of a point which moves so as always 
to be equidistant from two given points, is a plane which bisects 
at right angles the straight line joining the two points. 

16. What loci are represented by each of the equations 

fix)=0;f(r)=0; /(d)=0; /(^) = 0; 
where r, d, (f> are the usual polar co-ordinates ? 

17. Interpret the equations : 

18. Find the polar equation of a plane. 

A. a 3 
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19. find the angle between the two lines given by 

J ^ -.«r (1)> and x = y = z (2). 

20. If the vertices of a tetrahedron lie on four straight lines 
passing through one point, and two of the faces pass each through 
a fixed point, each of the remaining faces shall pass through a 
fixed point. 

21. Shew that through two given points {a, I, c), {a\ h\ c), 

two planes may be drawn cutting off from the axes intercepts 

whose sum is zero; and these two planes will be at right 

angles to each other if 

111 



a — a' b — b c — c' 

22. Find the cosine of the angle between the two straight 
lines represented by 

y — z z — x aj — y 

23. Find the condition that the two straight lines whose 
direction-cosines are given by the equations 

Al+Bm+ Cn = 0, 

may be at right angles to each other. 

24 If the co-ordinates of four points be a — 5, a — c, a — c? ; 

b — c, b^d^ b — a; c — d, c — a, c — 6; d — a, d—b, d — c^ 

respectively, prove that the straight line joining the middle 
points of any two opposite edges of the tetrahedron formed by 
joining the points, will pass through the origin. 

25. Shew analytically that the least distance between two 
straight lines is perpendicular to each of them. 

26. If \, fly V, p be the angles which the normal to any 
plane makes with the perpendiculars p^y p^y p^ p^ from the an- 
gular points of a tetrahedron on the opposite faces, prove that 

cosX CO&fl cosv cosp ^ 

■ "t" "T' T ' ■ *^ U« 

Pi Pt P% P* 
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27. If X, y be the lengths of two of the straight lines join- 
ing the middle points of opposite edges of a tetrahedron, » 
the angle between these lines, and a, a those edges of the 
tetrahedron which are not met by either of the lines, prove that 



S 1 



cos CO = , 

4txy 

28. Prove that if the three straight lines, each of which is 
perpendicular respectively to each pair of three straight lines, 
be at right angles to each other, the other three straight lines 
are also at right angles to each other. 

29. Find the shortest distance between the diagonal of a 
cube and any edge which it does not meet. 

30. Find the area of the triangle formed by joining the 
three points where the plane 

a o 

cuts the axes. ^ 

31. From the origin are drawn three equal straight lines 
of length py such that the inclinations of the first to the axes 
of x^ jfy z, respectively, are the same as those of the second to 
y, z, X, and of the third to z, x, y. A plane is drawn perpen- 
dicular to each of them through its extremity. Find the co- 
ordinates of the point of intersection of these three planes and 
the equations of the line joining it with the origin. 

32. A straight line is drawn from the origin to meet the 
straight line 

I m n 

at right angles. Shew that its equations are 

X y z 

a— ft b — mt c — nt 
, . al+bm+ en 

'^^^'^ *= P + m' + n" 

33. A plane cuts the six edges of a tetrahedron in six 
points; six other points are taken, one in each edge so a« to cut it 
harmonically: prove that the six planes through these points 
and the opposite edges of the tetrahedron all meet in one point. 

8—2 



CHAPTER III. 

ON CERTAIN SURFACES OF THE SECOND ORDER. 



32. We have shewn that the general equation of the first 
degree represents a plane. Before proceeding to the discussion 
of the general equation of the second degree, we shall find the 
equations of certain surfaces included in the class represented 
by the equation of the second degree. 

33. The Sphere. 

A sphere is a surface every point of which is at a constant 
distance from a fixed point called the centre. The constant 
distance is called the radius. 

Let a, h, c be the co-ordinates of the centre, r the radius, 
a?, y, z the co-ordinates of any point on the surface. Then the 
distance of the point {x, y, z) from the centre is equal to 

J(x - ay + (y - br + iz- c)\ 

But this distance must equal the radius r. Hence for all 
points on the surface 

J{x-af+(y-hf+{z-cr = r, 

or (a5-a)» + (y-5)» + («-c)» = r* (1), 

which is the equation required. 

Conversely any equation of the form 

si?+f + ^ + Ax + By+Cz + D = 

represents a sphere. For it can be put into the form 

A^ + R+C 



hihi^^fi^h^'- 



-J). 
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and, comparing this with (1), we see that it represents a sphere 
whose centre is at a point f ~"a>^ 'a9'~ a] ^^^ whose radius i 



IS 



^ 



A ^ + B'+G' J 



34. The Cone. 



A cone is a surface generated by a straight line which al- 
ways passes through a fixed point called the vertex, and through 
afiacedcurve. 

We shall only discuss in this and the next Article the case 
when the fixed curve is a plane curve of the second degree. 

Take the plane of the curve as the plane of xy, and let the 
equation of the curve be 

Aa?+ Cf + Ex = , (1), 

to which form the equation of any conic section can be reduced ; 
and let a, ^, 7 be the co-ordinates of the vertex. 

• The equations of any straight line through the vertex are 

^T""^^ T' ^"^^^ 

when this meets the plane of xy we have « = 0, and therefore 

I r> ^ 
x = a — 7, y = p 7. 

These values of x and y must satisfy the equation (1), since 
the line always passes through some point in the curve repre- 
sented by (1). Hence we have 

or, multiplying by n', 

A {na - lyY +C{nfi- myY+En (tw - Jy) = 0. 

This is a relation which must be satisfied by l^ m,ni£ the 
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straiglit line (2) meet the curve (1). But if {x, y, a) be any 
point in (2) we have 

I m n , 

Consequently, if {x, y, z) he any point in any straight line joining 
(a, )8, 7) with some point of the curve (1), we must have 

^{a(^-7)-7(a;-a)r+0{^(^-7)-7(y-^)r 
+ ^(«-7){a(«-7)-7(aj-a)}=0; 

or reducing, 

A{<xz-jxy+ C(fiz--yyY + E{z'-y){aZ'-yx)^0 (3), 

which is therefore the equation of the cone. 

If we transfer the origin to the point (a, ^, 7) we must put 

x = x' + a, y=^y+fi, z:=z+% 

and the equation becomes 

A {az'^yxy+C{^z--yyy'^ Ez' (a^' - 7a?0 = 0, 

of which every term is of the second degree in x^ y', z\ The 
equation of a cone of the second degree whose vertex is at the 
origin is therefore homogeneous. Conversely every homogeneous 
equation of the second degree represents a cone whose vertex is 
at the origin. For let 

Px"" + Qy^-^-Rz^ + Pyz + Qfzx + Exy = (4), 

be the equation. And let x^, 3/^, z^ be the co-ordinates of any 
point on the locus. Then the equations of the straight line 
joining [x^, y^ z^ with the origin are 

^=y.=^ (6). 

»! yi «i 

But, since (a;,, y,, ^ J is a point in (4), 
and therefore by (5), if {x, y, z) be any point in (5), 
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Hence every point on the straight line joining the origin with 
{x^y y^y z^ lies on the surface. Thus, the surface is generated 
by a straight line which always passes through the origin, and is 
therefore a cone* 

85. The Cylinder. 

A cylinder is a surface generated by a straight line which 
always passes through a fixed curve and remains parallel to 
itself. 

Let the plane of the curve be taken as the plane of xy, and 
let its equation be 

Aa?+ Cy' + Ex^O (1). 

Also let I, m, n be the direction-cosines of the straight line 
to which the generating line always continues parallel. Let 
a, y8, be the co-ordinates of the point in the curve (1) through 
which any generating line passes. The equations of this line 
will therefore be 

^" = ^=^ (2); 

b m n 

Is r% fnz 

n ^ n 

But a, are the co-ordinates of some point in (1), and there- 
fore we have by substitution 

or A{nx — hY+ C {ny^-^mzY + nE {nx-lz) = (3), 

which, being a relation satisfied by the co-ordinates of any 
point in any one of the generating lines, is the equation of the 
surface. 

36. The Ellipsoid. 

The ellipsoid is a surface generated by a variable ellipse which 
always moves parallel to itself, and has its vertices on two ellipses 
whose planes are perpendicular to each other and to the plane of 
the moving ettipse, and which have one axis common. 
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Let the planes of the fixed ellipses be taken as the planes 
of zx and xy, and the direction of their common axis as the 




axis of aj. The plane of the moving ellipse will be parallel to 
iike plane o{ t/z. 

Let CO A, A OB be the fixed ellipses, OA = a, OB = h, 
OC^c. And let EPS be any position of the moving ellipse, 
MB, MS its semi-axes, P any point in it. 

Draw P^ parallel to Oz to meet MS in N. 
Let OM^x, MN=y,NP=^z. 
From the ellipse EPS, 



+ 



f » 



BM^ • MS 



^=1 



,.(!}. 



From the ellipse COA, 

BM^ 



X 



= 1--. 



a 



,. (2). 



From the ellipse A OB, 

MS 



X 



= 1--. 



a 



(3). 
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Whence substituting in (1) 



«* 



a be ^ ^ 

If the two semi-axes OC and OB be equal, it can be seen 
from (2) and (3) that MR and MS are also equal. Now an 
ellipse whose axes are equal is a circle. Hence the surface in 
this case would be generated by the revolution of the ellipse 
BOA round OA, and its equation becomes 

a^ "^ 6^ " 

The surface is called an oblate or prolate spheroid according 
as the semi-axis a is less or greater than b. If all the three 
semi-axes OA, OB, OChe equal, the equation becomes 

x' + f + z' = a\ 

which shews that the surface in that case becomes a sphere 
whose centre is at 0. 

37. The Hyperboloid of one Sheet, 

The hyperboloid of one sheet is generated by a va/riable ellipse 
which moves parallel to itself and has its vertices on two hyper- 
bolas whose planes are perpendicular to each other and to the 
plane of the moving ellipse, and which have a common conjugate 
axis. 

Let -4 ^ be one hyperbola in the plane of zx, BR the other 
in the plane of yz, and RPQ any position of the moving ellipse, 
RM and QM its semi-axes, and P any point on it. Let 

OA = a, OB = b, and OG, the common conjugate semi-axis, = c. 
Draw PN parallel to MR to meet MQ in j^. Let OJf = z, 

MN= X, NP= y. Then from the ellipse RPQ, 



MR^ ' MQ" 

from the hyperbola A Q, — ~ = 1 -f -^ , 

€1 C 
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from the hyperbola BB, 



MB* 



= 1+-.; 




or 






the equation required. 

38. The Hyperboloid of two Sheets, 

This is generated as the last surface except that the hyper- 
bolas have a common transverse axis. 

Take the direction of the common axis as axis of cc, the 
planes of the hyperbolas as the planes of zx, xy, and the plane of 
yz parallel to that of the moving ellipse. Let OA = a be the 
common transverse semi-axis, and OB = b, OC = c, the two 
conjugate semi-axes. Let QPB be any position of the moving 
ellipse, MQf MB its semi-axes, and F any point in it. Draw 
FN parallel to QM to meet BM in N. 

Let 0M= X, MN= y, NF= z. 

From the ellipse QFB, ^^ + ^^ = 1, 

from the hyperbola A Q, —j- = -^ — 1, 
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from the hyperbola AB, —jt~= -5 ■" 1 > 



z- a? 



or 






the equation required. 




These three surfaces, the ellipsoid, the hyperboloid of one 
sheet, and the hyperboloid of two sheets, are all included in the 
equation 

Aa^ + Bf+Cz'' = l. 

39. The Elliptic Fardboloid. 

The elliptic paraboloid is generated by a parabola which moves 
with its vertex in a fixed parabola, the planes of the two parabolas 
being at right angles, their axes parallel, and their concavities 
turned in the same direction. 

Take the plane of the fixed parabola as plane of xy, its 
vertex as origin, and its axis as axis of x. Then the plane of 
the moving parabola is parallel to that of zx. 

Let PQ be any position of the moving parabola, Pany point 
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in it, V its latus rectum, and let I be the latus rectum of the fixed 
parabola. Draw PM parallel to Oz to meet the axis of the 




moving parabola in M, and draw QH and MN parallel to the 
axis of y. 

Then from the parabola PQ, 

PM^^^^V.QM, 
and from the parabola QO, 

QH^ = f=l.OH^lX''l. QM 

— iX — Y \ 

40. The Hyperbolic Paraboloid. 

This is generated in the same manner as the last surface 
except that the concavities are turned in opposite directions. 

Let 0^ be the fixed parabola in the plane of xy, PQ any 
position of the moving parabola parallel to the plane of zx, 
P any point in it. Draw PM parallel to Oz, MN and QH 
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parallel to Oy. Let I and V be the latera recta of the two 
parabolas OQ, PQ. 



N H 




From the parabola 


PQ, 








P]IP = 


= z'-- 


= I' . QM, 


from the parabola OQ, 










QM"- 


= / = 


= l.OH 

= l.(x+QM) 

J J^ 




■' I 


I'' 


-X. 



The two paraboloids ai'e both included in the equation 

We shall shew hereafter that any equation of the second 
degree in x, y, z can be reduced to that of one of the surfaces 
whose equations we have considered in this chapter. 

41. Asymptotic surfaces. 

The equation of the hyperboloid of one sheet is 



2 8 S 



(1).. 
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wliich can be put into the form 



* W ~ 2 (ay + Va?)i 



6 



— iTii + Ti) ■" ^ , « « ,- -. 1 "^ •••> 



where the remaining terms contain higher powers of d^j^ + Va? 
in the denominator. 

Hence, if we increase x or y, or both, indefinitely, the value 
of z approaches indefinitely near to 






And if we construct the surface 

(which by Art. 34 represents a cone whose vertex is the origin), 
the ordinate of this surface parallel to Ozy corresponding to any 
given values of x and y, approaches indefinitely near to equality 
with the ordinate of the hyperboloid corresponding to the same 
values of x and y, when these values are increased indefinitely ; 
that is, the cone (2) is asymptotic to the hyperboloid. 

Similarly the cone whose equation is 
is asymptotic to the surface 

42. The equation of the hyperbolic paraboloid is 

?-T = « Wi 



•••y=±\/r(i+^) 
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=±\/7'('"^te"^-)- 

Now if « be increased indefinitely and x be not very large, 
the second and all the succeeding terms of the series on the 
right will diminish indefinitely. Hence the equations 



y=±VT' 



(2). 



represent two planes which are asymptotic to the surface (1) 
at points for which y and z are increased indefinitely while x 
remains finite. 



EXAMPLES. CHAPTER IH. 

1. Find the polar equation of a sphere, any point not the 
centre being the pole. Shew that if through a fixed point 
any chord OPQ be drawn meeting a sphere in P and Q, the 
rectangle OP, OQ is invariable. 

2. From any point a straight line is drawn to meet a 
given plane in P. In OP a point Q is taken so that the rect- 
angle OP. OQ is equal to a given constant Is^. Find the locus 
o{Q. 

3. From any point a straight line is drawn to meet a 
given sphere in P. In OP a point Q is taken so that the rect- 
angle OP. OQis equal to a given constant i?. Find the locus 
oiQ. 

4. Shew that if through any point of a sphere a plane be 
drawn perpendicular to the straight line joining the centre with 
that point, the plane will only meet the sphere in that one 
point. 

6. A and B are two fixed points, P a point which moves 
so that PA is to PB in a constant ratio. Find the locus of P. 
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6. A and B are two fixed points, P a point which moves so 
that the angle APB is a right angle. Find the locus of P. 

7. Find the surface generated by the line of intersection of 
two planes which pass each through a fixed straight line and 
are at right angles to each other. 

8. Shew that all the points of intersection of two spheres 
lie on a circle whose plane is perpendicular to the straight line 
joining the centres of the spheres. 

9. About three fixed points as centres, spheres are described 
having variable radii which are always in the same proportion 
to each other. Shew that they always intersect two and two on 
three fixed spheres, and that these three spheres have one 
circle common. 

10. Prove that the planes of the three circles in which 
three spheres intersect each other two and two all intersect in 
a straight line which is perpendicular to the plane containing 
the centres of the three spheres. 

11. Prove that the six planes of intersection of four spheres 
two and two have one point common to them all. 

12. Shew that if each of six equal spheres intersects all the 
rest but one, so that the radii at the line of intersection are 
inclined at 60®, the portion of space common to all will have 
eight solid angles coinciding with those of a cube whose side 

is -y= of the diameter of the sphere. 

13. A straight line moves so that three given points of it 
lie respectively in three planes at right angles to each other. 
Shew that a fourth point in the straight line, whose distances 
from the other three are respectively a, b, c, traces out an 
ellipsoid. 

14. The two straight lines 

x + a + V z 
^ cos a "" sin a 

meet the axis of x in 0, 0', and P, P' are points on the two 
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lines such that OP, (JP ^(?\ shew that the surface traced out 
by the straight line PP is the hyperboloid 

a c cos a c sldl a 

* 

P, jP being taken on the same side of the plane xy. 

15. Find the surface generated by a straight line which 
revolves round a fixed straight line which it does not meet. 

16. Find the surface which is the locus of the family of 
curves defined by the equations 

a' + y* + «* = a* and y'* + 2' = ?^V — c', 

where a is a variable parameter and c an absolute constant ; 
and discuss its form for different values of n, 

17. A perpendicular PN is let fall from a point P in a right 
cone on a plane through the vertex perpendicular to the axis, 
and a point P is taken in PN or PN produced such that 
PN. P'Nis constant. Find the locus of jP, 
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TRANSFOBMATION OF CO-ORDINATES. 



43. Many of the equations which we shall have occasion to 
employ will be much simplified by a proper choice of axes. It 
is necessary therefore to investigate the relations which hold 
between the co-ordinates of any point when referred to two 
different sets of axes. 

The simplest case is that in which the directions of the two 
sets of axes are identical, the origin only being different. 

Let X, y, z be the co-ordinates of P referred to the old set of 
axes ; x\y\ z', the co-ordinates of the same point referred to the 
new set. Let a, /8, 7 be the co-ordinates of the new origin referred 
to the old axes. Then the distance of P from the old plane of 
yz is equal to the distance of P from the new plane of yz together 
with the distance between these two planes, or 

a? = a' + a. 

Similarly y^y+^f 

z = z' + y. 

These results will hold whether the axes be oblique or rect- 
angular. 

• 

44. To find the co-ordinates of a point P referred to one set 
of rectangular a^es, in terms of the co-ordinates of the same point 
referred to another set of axes, also rectangular, with the same 
origin. 

Let Ox, Oy, Oz be the old axes; Ox\ Oy', Oz the new. 
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Let X, y, zhe the co-ordinates of P referred to the old axes ; 




^\ y\ ^' the co-ordinates of the same point referred to the new 
axes. Let Z^, Wj, n^ be the direction-cosines of Ox referred to 
Oo?, Oy, Oz ; l^ m,, n^ those of Oy and i„ w?,, n, those of Oz\ 

Through P draw PM parallel to Oz to meet the plane Oxy 
in My and through Jf draw MN parallel to Oy to meet Ox in 
iV. Then ON^ x\ NM= y\ MP= z. 

Also the projection of OP on OX is x. And the projections 
of 0^, NM, MP on Ox are l^x, ljy\ l^z\ respectively, since 
ht K^ h ^^® *^^ cosines of the angles between Ox and ON, NM 
and JfP, respectively. But the projection of OP on any straight 
line is equal to the sum of the projections of ON^ NM BJid MP 
on the same line. Hence 

X = i^x + zy + l^z\ 

Similarly by projecting on the lines Oy and Oz we get 

y = m^x + mj/' + m^\ 
z = n^ + njy + w^'. 

The nine quantities Z,, m^, n^, Z,, m,, w,, Z3, m,, n, are not 
independent, but are connected by six relations. For since 
Zj, m^, Wj are the directwu-cosines of Oa', we have 

Z,' + m,^ -f n,' = 1. 
Similarly Z,' + m,« + n,»= 1, 

4—2 
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Also the cosine of the angle between Oy and 0/ is equal to 
ZjZj + Tnjmj + WjW,; but this angle being a right angle, its cosine 
is equal to zero ; 

Similarly l}^ + mjtn^ + njfi^ = 0, 

Zjilj + TWjm, + WjW, = 0. 
These relations can be replaced by the six equations 

i^ +h\ ^K =i> 

n^ -\-n* +n* =1, 

ZjWj + Z,w J + l^m^ = 0. 

These equations can be algebraically deduced from the 
previous set, but they can be more easily proved independently 
thus : 

Zj, m^, n^ are the cosines of the angles between Ox' and Ox, 
Oy, Oz ; Zj, m^, n^ those of the angles between Oy and Oa?, Oy, 
0« ; and Zg, m^ n^ of the angles between Oz and (?a?, Oy, Oz, 
Consequently Z^, Zg, Zg are the cosines of the angles between Ox 
and Ox\ Oy\ Oz ; m^, m^, m^ those of the angles between Oy 
and Oic', Oy', Oz; and n^, n^, w,, those of the angles beween Oz 
and Ox, Oy, Oz, Considering Ox, Oy, Oz as axes, and re- 
membering that Oa?, Oy, Oz are mutually at right angles, we 
obtain the above formulae at once. 

45. The formulsB given in the last Article are extremely 
useful, and from their symmetrical character are easy to remem- 
ber. They are liable to the objection that nine constants are 
introduced of which six are superfluous, and other formulae have 
been proposed which employ only three constants. 

Let Ox, Oy, Oz be the old axes ; Ox, Oy\ Oz the new ones. 
Let the plane of xy cut the plane of xy in Ox^, and let a plane 
through Oz and Oz , which is therefore by Euclid, xi. 18, per- 
pendicular to the planes of xy and xy\ cut these planes in 
Oy^, Oy^ respectively. 
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Then since Oz is perpendicular to the plane of ay it is per- 
pendicular to Ox^, and since Oz' is perpendicular to the plane 
of oj'y', it also is perpendicular to Oxj, Hence Ox^^ is perpen- 
dicular to the lines Oz and Oz\ and is therefore perpendicular 
to the plane in which they lie, and therefore perpendicular to Oy^, 
Oy^. Hence by Euclid, xi. Def. 6, the angle y^^Oy^ is the angle 
between the planes of xy and x^j/. Let this angle be called 0, and 
let the angle between Ox and Ox^ be called <f>, and the angle 
between Ox^ and Oai be called -^/r. 

Let X, y, z be the co-ordinates of any point P referred to the 
axes Oxy Oy^ Oz, Then if we take Oa?^ Oy^y and Oz as axes, 
the ordinate z will be unaltered, and if a?„ y^ be the new co- 
ordinates parallel to Oa?^, Oy^, we have by the ordinary formulae 
of transformation in plane co-ordinates, 

a? = ajj cos — ^1 sin ^, 

y = a?j sin ^ + yx cos ^. 

Again, if we take Oaj^ Oy,, Oz as axes, the x^ will be un- 
altered, and if y^ z be the new co-ordinates parallel to Oy^ Oz\ 
we have 

y , = y^ cos — z' sin 0, 

z =yjSin^ + i5'cosft 

And lastly, taking Ox\ Oy\ Oz' as axes, the z' will be un- 
altered, and we get 



54 TRANSFORMATION OF CO-ORDINATES. 

ajj = aj' cos -^ — y sin •^, 

y^= aj' sin'^ + y cos ^. 

And, making the substitutions for aj^, y^, y„ we get finally 

x = x (cos ^ cos '^^ — sin ^ sin -^ cos 5) 

— y' (sin '^^ cos ^ + cos ^ cos -^ sin ^) + 0' sin ^ sin ^, 

y = a?' (sin ^ cos '^ + cos ff> sin '^ cos 5) 

— y' (sin ^ sin -^ — cos ^ cos -^ cos 5) — z sin 5 cos ^, 

= a?' sin -^ sin ^ + y cos '^^ sin ^ + z cos ^. 

These are called EuWs Formulae. They are useful in dis- 
cussing the nature of the sections of surfaces, but their unsym- 
metrical character renders them difficult to remember. 

46. If we wish to change both the origin and the direction 
of the axes we have only to combine the formulae of Arts. 43 
and 44. For changing the origin to a point whose co-ordinates 
are a, y8, 7, and keeping the direction of the axes unchanged, we 
get a; = a;j + a, y=yi + i8, z^^z^ + ^i. And then changing the 
directions of the axes we get 

or x = \x' •\-l^' +1^' +a. 
Similarly y = m^x + mj/' + tn^' + )8, 

z = n^x + njf' '\-nji' + 7. 

47. The formulae for transformation of co-ordinates in Art. 
44 hold also when the axes are oblique if Z^, m^, n^ denote the 
directiovr-ratios of the new axis of x with respect to the old axes. 
The six relations which hold between the nine constants in- 
volved, which can be obtained from Art. 13, are in general very 
cumbrous. 

48. A proof exactly similar to that given in Todhunter^s 
Conic Sections, Art. 87, will shew that the degree of any ex- 
pression involving x, y, ^ is unaltered by transformation of 
co-ordinates. 

49. The following proposition is useful in many questions 
of transformation of co-ordinates. 
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The condition that the expression 

^aj' + 5y' + Cfe»+2J^> + 2J5'«aj + 2(/a?y (1) 

should be the product of two linear expressions ia x, t/, zis 

For if one of the factors be 

>jx -{- fiy + vz (2), 

it is evident, by considering the coefficients of a?*, ^ and s? in 
(1), that the other factor must be 

x^+^2^+i;^ (^)- . 

Multiplying (2) by (3) and equating the coefficients of yz, zx 
and xy in the product, to those of the same terms in (1) we have 

5-+ (7^ = 2^', 

whence by multiplication we get 
8ABCr^2ABCi-A (s'^.+C'f^ + Bfci'^+A'^^ 

= 2ABG+ A (4^'»- 2B0)+B {i^B^^ 2CA) + (7 (4 (7" - 2-45), 
or transposing and dividing by 4, 

2A'B'G' + ABC^ AA'^ - BB^ - (7(7" = 0. 

The expression 2A'B0' + ABO - AA!^ - BB^ - (7(7'* is 

called the discriminant of the expression (1). 

60. It is evident that in any transformation of co-ordinates 
from one set of axes to another, the origin being unchanged, the 
expression a?+y^ + z^ will be transformed into x^ +y'^ + z* if 
both sets of axes be rectangular ; or the expression 

aj' + ^+ «' + 2yz cos X + 2;5aj cos /* + 2a?y cos i/ 
will be transformed into 

«" + y" + ^'^ + 2y'z cos X' + 2zx cos fi + 2xy' cos v 



+ 
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if the axes are oblique, the expressions in each case representing 
the square of the distance of the point whose co-ordinates are 
considered, from the common origin. 

Thus if the axes are rectangular, and the expression 

Aa?^Bf-h Cz'-h ^A'yz + 2Bzx + ^Cxy (1) 

become by l^ansformation 

Ri^^ Qy'^ + Rz'^j^2Py'z' ^^Qfz'x' + 2B:x'y' (2); 

we shall have also the expression 

^iC»+5y' + a«'+2^> + 2£'^a?+2(7'iry-\(ic^ + y' + «')...(3), 

where \ is any constant, transformed into 

Pa?'*+(2y'»+JK«'*+2Fy«'+2(//aj'+2irajy-X(ic'»+y'»+0- 

But if, for any values of X the expression (3) be the product 
of two linear expressions in x, y, z, the expression (4) must, 
for the sajne values of \, be the product of the two expressions 
in x\ y\ z into which the former two would be reduced by the 
transformation. Hence the discriminant of (3) is identical with 
that of (4), or the two equations 

+ 2^'^C' = (5), 

CP-X)((2-X)(ii-X)-i^(P-X)-(2''((2-X)-ir»(i?-X) 

+ 2P'(/ir=0 (6), 

are identical, and satisfied by the same values of X. Thus the 
coefficients of the diflferent powers of X in these equations must 
be equal, and we have 

A + B^C^P+Q+R, 
BG+GA-vAB'-A^^B^-'G'^ 

^^QB + BP+PQ^-F'-q'^Br", \{7) 
ABG+ 2A'BC - AA'^ - P^'^- GG'^ 

' ^PQB^-^FQ'E-PP^-QQ^-BR' 

51. As a particular case of the foregoing, let us suppose if 
possible, as it will be proved to be hereafter, that the expression 
(1) is transformed into an expression of the form 

Px" ^^ Qy'' -^ Bz'\ 
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The equation (6) then becomes 

(P-\)(Q-X)(i2-X) = 0, 

and the roots of this equation are P, Q, R, the coefficients of 
^'^> y'^ ^'^ ill the transformed expression. These coefficients are 
therefore the roots of the equation (5) with which (6) is iden- 
tical, namely, 

(^-X) (5-X) ((7-X) - A^ (^-X) - B^ (5-X) - G'^ (0-X) 
Another proof of this result will be given hereafter (Art. 86). 



EXAMPLES. CHAPTER IV. 

1. The co-ordinates of a point are (1, 2, 3). Find its co- 
ordinates relative to new axes whose equations are a? = y = « ; 
2a? = — y = 2;5 ; a? = — js?, y = 0. 

2. Transform the expression ocy '\-yz'\'Zx to the new axes 
in the last question. 

3. Shew that a? •\-'f-\'2?-\-yz-\-zx-\-xy can be reduced by 
transformation of co-ordinates to the form A {x'^ -h y'^) + Bz\ 

4. From the formulae in Art. 44 prove that 

Zj = m^Wg — m,w-j,, Zj = mji^ — m^^ l^ = m^n^ — m^^. 

6. Find the condition that the two straight lines whose 
direction-cosines are given by the equations 

may be at right angles. 

6. Find the values of P, Q, B when the expression 

a? -\-y* + z^— 4}xy — 4}yz — Azx 
is transformed into the form Px^ + Qy^ + Bz*. 



CHAPTER V. 



ON GENERATINQ LINES AND SECTIONS OF QUADBICS. 



62. We have seen (Arts. 34, 35) that the cone and cyKnder 
admit of being generated by the motion of a straight line. This 
is also the case with the hyperboloid of one sheet and with the 
hyperbolic paraboloid, and with no other surfaces whose equa- 
tions are of the second degree in x, y, z. 

Surfaces whose equations are of the second degree in (x,y, z) 
are called Qvadrics. 

63. On the generating lines of the hyperboloid of one sheet. 
The equation of the hyperboloid of one sheet is 



a^ y^ z^ ^ 
— \-- = 1 

a c 

SI? ^ - V* 

or -i--2 = l-T5. 



(1). 



This equation is satisfied by all values of a?, y, z which 
satisfy either of the pairs of equations 



or 



a c fi\ 

f + -' = lfl-«] 
a fi\ bj ^ 



(2). 



(3). 
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whatever be the value of fi. Each of these pairs represents a 
straight line. There are thus two systems of straight lines 
lying wholly on the surface. We shall first prove that all the 
straight lines of one system intersect all the straight lines of the 
other; and secondly, that no two lines of the same system 
intersect one another. 

64. The equations of any two straight lines of opposite 
systems are 



? + £_ifn.|) 

a c fi\ hi 

f+J. 1,(1-1) 

a yi*\ hi ^ 



(1), 



(2). 



And if the straight lines represented by these equations meet, 
these four equations must be satisfied by the same values of 
Xy y, z. But the four equations are all satisfied if we take 



a c /Jk\ b; 
and;.'(l+f) = ^(l-|) 

From which we obtain 

y_fji' — fi' X 1 + fifjf 



(3). 



X 

a 



J > 



5? _ 1 — IHL 

c"" 



(4). 



h iJL-)r fji!' a fi + fi'c /* + /*' 

Hence any two generating lines of opposite systems meet in 
a point. 

Conversely, through any point of a hyperboloid of one 
sheet two straight lines can be drawn lying wholly on the 
surface. For if we assume the co-ordinates of the point to be 
ic,y,z\ from equations (3) we can determine /* and /*', and there- 
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fore the equations of the two generating lines through the point 
in question. 

65. Secondly, no two lines of the same system intersect. 
For let their equations be 

I-'c-K'-f) 

a c fi\ oj } 

From the first and third we get by subtraction, 

(/.-^O(l-|) = 0; 

therefore fi = fi,OTt/ = h. 

From the second and fourth we get by subtraction, 

.'. fA = fjL\ or y = — J. 

Hence since we cannot have y equal both to b and — J we 
must have fju = fA, or the lines must coincide. Therefore no two 
lines of the same system intersect. 

56. The equation of the Hyperbolic paraboloid is 

which will be satisfied by all values of x, y, z, which satisfy 
either of the pairs of equations 

y ^ _ 
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or -^ =. = — 

y ^ _ 

Hence in this case also there are two systems of straight 
lines lying wholly on the surface. A proof similar to that of 
the last two articles will shew that all the straight lines of one 
system intersect all those of the other, and that no two straight 
lines of the same system intersect one another. 

57. We have shewn in the preceding articles that the hy- 
perboloid of one sheet and the hjrperbolic paraboloid admit of 
rectilinear generators; we shall now shew that these are the 
only surfaces among those which we have considered, besides 
the cone and cylinder, with which this is the case. 

Let us first take the equation 

Aa?^By'^-Cz^ = l (1), 

which includes the ellipsoid and the two hyperboloids ; and if 
possible let the line whose equations are 

n 
lie wholly on the surface (1). 

From (2), 

and if the straight line (2) lies wholly on (1) the equation 

A{a + lry + B (fi -\-mry+ G (y + nry =^1 
must be satisfied for all values of r. 

The conditions for this are 

Aa* + B^+(}/ = l (3), 

Ala + Bm^-{- Onrf= (4), 

AT? + Bm^ + On.' = (5). 

The first of these equations merely expresses the condition 
that the point (a, )8, 7) may lie on the surface. The second and 
third are the conditions which Z, m, n must satisfy. They will 



-1--^ = =r (2), 
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in general give two values for the ratios I :m :n. It remains 
to examine whether these values are real or not. 

From (4) we have 

^ _ Ah + Bm/5 

y 

Substituting in (5) we get 

OAPr/-{- CBm!'r/ + {Ah + Bmfiy^O, 

which is a quadratic in — . 

The roots of this quadratic will be possible or impossible 
according as 

{ACr/ + A'a?) {BO/ + R^) < or > ^»^a'/3", 

or B& ABCy' + A'BCa'r/ + ffA Cffr/ < or > 0, 

eras ABCy" (Aa!' + B/S" + (V)<or>0, 

or as ABC < or >0. 

Hence that the generating lines may be real we must have 
ABG B> negative quantity; thus one or three of the quantities 
A, B, (7 must be negative. If they are all three negative, the sur- 
face is impossible, so that the onlj jpossible surface is the hyper- 
boloid of one sheet in which one is negative. In this case we 
may take 

ji-l R-l r- 1 

a c 

and the equations which determine the directions of the generat- 
ing lines are 

It. m^ rvy ^ 
a c 

58. It may be noticed that since for either of the generating 

lines we have 

Ala-\^Bm^+Cky:=0, 

and for any point in either line we have 

I ^ m " n ' 
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we must also have the equation 

-4a(a;-a) + 5/3(3/-/8)+Oy(^-7) = 0, 

satisfied for any point in either of the straight lines through the 
point (a, j8, 7). But this is the equation of a plane : it is there- 
fore the equation of the plane containing the two straight lines. 

The equation can be written 

and it maybe noticed that whether the lines themselves be real 
or not, this plane is a real plane. We shall prove hereafter that 
it is the tangent plane to the surface at any point (a, fi, 7). 

59. The equation of the projection of either line on the 
plane of a;y is 

ory=± ji» + /3-ja (1), 

the values of y being deduced from the quadratic equation 

given in Art. 57. 

AP {(>/ + Ao?) + ^ABoL^lm-vBm^ {C^-vB^ « 0, 
or ^P (1 - jB)9^ + 2^jBa^?m + 5m« (1 --4a^ =0; 
/. AP + Bnf = AB {l^ - moL)\ 

Hence the equation (1) can be written 

m , /l 1 m* 

which (Todhunter's Conic Sections, Art. 171) is the well-known 
form of the equation of the tangent to the curve 

Ax^ + By':=-1. 

But this is the ellipse in which the given surface is cut by 
the plane of ojj^. Hence the projections of the generating lines 
on the plane of xt/ are tangents to the curve in which the surface 
is cut by that plane. 

The same is true for the planes of yz and zx. 
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60. The equations of the two paraboloids are both included 
in the equation 

By' + Cs^^x (1). 

The conditions that a straight line 

"r^^T"""^ ^^^' 

should lie wholly on the surface (1) are 

5/3»+C7' = a (8), 

JBmV Om' = (4), 

2J5m^ + 2CW7-Z = (5). 

The first equation indicates that the point (a, fi, y) lies on 
the surface (1). The second and third give the values of I, m, n. 
These values will be real if JBand G have opposite signs, so that 
the surface must be the hyperbolic paraboloid. 

61. The equation of the projection of one of the generating 
lines on the plane of xy is 

y = T^+('3-T<^) (6). 

But from (5) 

(25m/9-Z)' = 4C^7iV 

= -4jBCV'm*from(4); 
,-. 45m« (5/3» + (V) - 45im/9 + Z" = ; 
.-. 4JBm'a - iBImfi + P = from (3) ; 

or ZjS — ma=7-75.— . 

4i> m 

And the equation (6) becomes 

_m , 1 ^ 

the well-known equation of the tangent to the curve Bi^ = a?, 
(Todhunter's Conic Sections, Art. 131.) 

Hence the projection of the generating line on the plane of 
xy is a tangent to the curve in which that plane is cut by the 
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surface. A similar proof holds for the projection on the plane 
ot zx. 

The equation of the projection on the plane of yz is 

m n 
oT!/=-z + fi--y (7). 

But Bm*+On* = 0; .:- = + iJ -i, 

and the equation (7) becomes 

Hence the projections of the generating lines on the plane of 
yz are parallel to the two straight lines in which the surface is 
cut by that plane. 

62. The sections of the ellipsoid 

^+C+-!=i W' 

made by planes parallel to either of the co-ordinate planes are 
ellipses. For taking the equation of a plane parallel to that 
of xy to be 

^ = 7 -(2), 

we get for the points where this meets (1) 

^ + 2^-1-1^ 

This is the equation of the projection of the curve of section 
on the plane of xy. But since the cutting plane is parallel 
to the plane of xy, the projection of the curve of section on that 
plane is equal and similar to the curve itself. Hence this curve 
is an ellipse. And it may be noticed that this ellipse is always 

similar to the ellipse -j + '^^ = 1, in which the surface is cut by 

the plane of xy. 

In a similar manner the sections by planes parallel to the 
other co-ordinate planes may be shewn to be ellipses. 

A.Q. 5 
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The sections of the hyperboloid of one sheet 

by planes parallel to that of xy are ellipses, and those by planes 
parallel to the planes of yz or zx are hyperbolas. 

The sections of the hyperboloid of two sheets 

by planes parallel to those of zx or xy are hyperbolas, and 
by planes parallel to that of yz are ellipses, which are impossible 
if the value of x for points in the cutting plane is numerically 
less than a. 

The sections of the two paraboloids 

^ + ^; ~ a?, 
2/» z* 

I I' ^' 

by planes parallel to those of zx or xy are parabolas whose 
latera recta are I' and I respectively. 

Their sections by planes parallel to that of yz are respectively 
ellipses and hyperbolas, the former being impossible when the 
cutting 'plane is to the left of the origin. 

To fiud the nature of the sections of these surfaces by planes 
not parallel to the co-ordinate planes it is no longer suflBcient 
to find the equations of the projections of the curve of section on 
the co-ordinate planes, since the projection will not in general 
be similar to the curve itself. The simplest method is to trans- 
form the co-ordinates so that the plane of xy shall be parallel 
to the cutting plane, and then the nature of the section will be 
given as above by its projection on the plane of xy. For this 
transformation the formulae of Art. 45 are very useful. We may 
in general avoid the third substitution, and since we wish to find 
merely the nature of the sections by planes parallel to that of xy\ 
which we shall prove in the next article to be always similar 
to the section by the plane of xy itself, we may before substitu- 
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tion put z as 0. The required substitutions will then be derived 
from the formulae in Art, 45 by putting -^ = and »'= 0. We 
thus get ^ 

a? = a' cos ^ — y ' cos sin ^, 

y^x'^m^ + y cos 6 cos ^, 

« = y ' sin 6. 

If the equation of the cutting plane be given in the form 

fcc + my + 7M?=jp, we have tan^ = ,andcosd = n. Theabove 

substitutions then become 

mx + Iny' mny — Ix ^ 

"'^^jF^' y^ik^^-' ^-y'J^^-' 

where we assume that P + m' + n* = 1. 

63. We shall first prove the following general proposition. 

All sections of surfaces of the second order made hy parallel 
planes are similar and similarly situated. 

Take the plane of xy parallel to the system of cutting planes. 
The equation of the surface can be put into the form 

^x» + J5/+ Gj^ + '^^Ayz + ^B^zx + ^Cxy 

+ 2A"x + 2B'y+2C"z + F=0 (1). 

The curve in which this is cut by the plane 

« = 7 (2), 

is given by the equation 

Aa? + Bf + 2G'xy + {2By + 2 A") x + (2^ 7 + 2B') y 

And whatever be the value of 7 this curve is always similar 
and similarly situated to the curve 

^ Ax^ + Bf + 2G'xy + 2A"x'V2B'y ■{■ F^O, 

in which the surface is cut by the plane of xy. 

Hence in discussing the form of the sections of surfaces by 
a series of planes, we need only consider planes through the 
origin. 

This method will not fail even if the curve of -section by a 

5—2 
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plane through the origin become impossible, since the terms of 
the second degree in the equation of this curve are the same as 
in the equations of the possible curves formed by th^ intersec- 
tion of parallel planes with the surface. 

64. We shall consider first the equation 

which includes the three central surfaces. 

Making the substitutions suggested in Art, 62, we get as the 
equation of the curve of section 

x^ {A cos' ^ + jB sin' <f>) + 2xy* {B — J) cos ^ sin ^ cos d 

+ y* {A cos'd sin' ^ + jB cos' cos' ^ + (7 sin' 0) = 1. 

And the section will therefore be an ellipse or hyperbola 
according as 

{B - Ay cos' cos' <^ sin' <^ 

- {A cos* ^ + 5 sin' <^) {A cos' sin' <f>-vB cos'^ cos' ^ + Osin' 0) 

is negative or positive. This expression can be reduced to the 
form 

- {jBCsin' sin' <^ + C4 sin' cos' if> + AB cos' 0]. 

In the case of the ellipsoid A, B and G are all positive, and 
this expression is therefore always negative. All sections of the 
ellipsoid are therefore ellipses. The investigation of the nature 
of the sections in the other surfaces is long and the results un- 
interesting, except in the particular case in which the section 
becomes a circle. 

The Conditions that this may be the case are, that the co- 
eflScient of a!y should vanish and the coeflScients of a?" and y'* 
should be equal. We have therefore 

(jB — -4) cos sin ^ cos ^ = 0, 

A cos' ^ + jB sin' ^ = -4 cos' sin' ^ + jB cos' cos' ^ + (7 sin' 0. 

From the first equation we must have either JB = -4, in which 
case it is already obvious that all sections parallel to the plane 
of xy are circles, or 

cos . sin ^ . cos ^ = 0, 
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if COS ^ = 0, we have 6 = 90^ and the second equation gives 
A cos' <^ + jB sin' <^ = 0= (T(cos» <f> + sin' <^) ; 



:, tan <p = jd_q > 



and if the values of tan ^ be real, we get circular sections 
by two planes through the axis of z. 

If we take cos ^ = 0; we have ^ = 90®, or the plane passes 
through the axis of y, and the second condition gives 

jB = J[cos'^+(7sin'^; 

and therefore tan' = p"" ^ , 

and if the values of tan be real, we get circular sections by 
planes through the axis of y. 

Similarly from the condition sin ^ = 0, we get circular sec- 
tions by planes through the axis of x inclined to the plane of 
xy at angles given by the equation 

tan' = -pz 7 . 

C7— A 

In all cases the circular sections are made by planes passing 
through one of the axes. It only remains to examine in what 
cases they are real. 

Only one of the three quantities 

C-A A^B A^B 
B-^C' B--G' C-A 

can be positive, consequently there are only two real central circu- 
lar sections, and they pass through the axis of z, y or a?, accord- 
ing as the first, second, or third of these expressions is positive. 

(1) In the ellipsoid A, B, G are all positive, and if we take 
them in order of magnitude, the second of the above expressions 
is positive. Consequently the central circular sections of an 
ellipsoid are made by planes through the mean axis. 

(2) In the hyperboloid of one sheet C is negative, and if 
we suppose A> B, it is again the second of the above exr 
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pressions that is positive, and the circular section is made by 
a plane through the greater real axis, since 

^ = i 5 = 1 

and A being >B,a<b. 

(3) In the hyperboloid of two sheets, B and C are negative, 
and if we suppose B numerically greater than (7, or 6 < c, JB — (7 
will be negative, the first of the above expressions is positive, 
and the circular section is made by a plane through the greater 
impossible axis. 

65. We have shewn in the last article that the only planes 
which give circular sections are certain planes through one of 
the axes. It is easy to shew without transformation that these 
planes do give circular sections. 

Thus the equation of the ellipsoid can be written in the 
form 

or 

which shews that either of the planes 

?76^^»--Va^^« = (1), 

or ljW^^Jt-J^rrb'^0 (2), 



a 



cuts the ellipsoid in the points in which it cuts the sphere 

But every plane section of a sphere is a circle. Hence the 
planes (1) and (2) and consequently by Art. 63 all planes 
parallel to them cut the ellipsoid in circles. 

The circular sections of the hyperboloids of one and two 
sheets can be deduced in a similar manner. 
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66. The two paraboloids are included in the equation 

Making the same substitutions as in Ai-t. 64 we obtain for 
the equation of the curve of intersection, 

B sin' ^ a?" + 25 sin ^ cos ^ cos xy 

+y (J5 cos' cos' ^ + (7 sin' 0) = x' cos ^ - y' cos 6 sin ^, 

which will represent an ellipse, parabola, or hyperbola, accord- 
ing as 

R sin' <^ cos' if> cos' O-B sin' ^ (J5 cos' ^ cos' <^ + (7 sin' ^) 

is negative, zero, or positive. That is, according as 

5C7sih'<^sin'^ 
is positive, zero, or negative. 

The sections of both paraboloids are therefore parabolas if <f> 
or vanish, that is if the cutting plane pass through the axis 
of X, or coincide with the plane of xy. In all other cases the 
sections of the elliptic paraboloid are ellipses, and of the 
hyperbolic paraboloid, hyperbolas. 

The conditions that the section may be a circle are 

B sin ^cos<f> cos 5 = 0, 
5sin'<^ = jBcos'<^ cos'5 + Osin' 0. 

From the first equation 

sin^»0, cos^ = 0, orcosd=aO. 

If sin ^ = 0, the coeflScient of x"^ vanishes, and the section 
reduces to a straight line or parabola. 

If cos ^ = 0, we have from the second equation B = (7 sin' 0, 

and if B and G are of the same sign and B<C this gives 

C 
two possible values of 0, If cos 5 = Q, we get sin' ^ = d* ^^^ 

this gives two possible values of ^ if (7 < J5, and B and C have 
the same sign. Thus we get real circular sections of the elliptic 
paraboloid passing through the axis of y or z, according as 
B<ar>C, that is as i > or < l\ 
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If B and C have opposite signs, there are no real circular 
sections. 

67, The equation of the elliptic paraboloid can be put into 

the form 

g^ + y' + g' g»,y y*^ 
? t^l^V^' 

or -^^ +[^\/l V JTJV^l I'^JTJ 
Thus each of the planes 

and therefore all planes parallel to them will cut the surface in 
circles. These planes are real if Z'> Z. If f < Z we can shew 
similarly that the planes 



\/z'-T-^VT=^' 



L_ 



Z 

cut the surface in circles. 

68. We shall conclude this chapter with the investigation 
of the position and magnitude of the axes of the section of an 
ellipsoid by a plane through its centre. 

^' ?+?+?=i (iJ 

be the equation of the ellipsoid, 

Ix + my + nz^O (2) 

the equation of the cutting plane. 

Let f=y=?=r (3) 

be the equations of any straight line in the plane (2), and let 
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r be the distance from the origin of the point where it meets 
the ellipsoid ; therefore 

? ""a* ■*■?■*■? ^*^' 

and i\ + m/L6 + 7ix/ = (6), 

since the line (3) lies in the plane (2). 

Also if r be the length of one of the semiaxes of the section 
of (1) by (2), we must have r a maximum or minimum by the 
variation of \, fi, v, which are connected by the relation (5) and 
also by the relation 

X« + /i* + i;^ = l (6). 

Differentiating (4) we get when r is a maximum or mini- 
mum 

^ __ XdK fjbdfi vdv 

or Ir cr 
And from (5) 

= Idk + mdfi + ndv, 
and from (6) = Xd\ + fidfj, + vdv. 

Whence by indeterminate multipliers, 

\+kl + k'\^0 (7), 

^+Ajm + A;> = (8), 

-, + in + AjV=0 (9). 

Multiplying (7) by \, (8) by /l6, (9) by v, and adding, we 
get 



p+*'=o, 



and therefore 



\a r / a —r 



K^"^)''"*"' 
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And therefore from (5), 



2^2 



Vd 



+ 



m'6 



n.% 



+ 



«v 



= 



which is a quadratic equation and gives two values of r*. 
The product of these two values 

and the area of the section is therefore 

irahc 



(10), 



(11). 



The directions of the two axes may be obtained by elimi- 



nating h and Ic from equations (7)^ (8) and (9) ; we then get 

\ 






V 



m 



V 



= 0, 



or 



^'^^ (^'~?)"^"*''''(c^~^) + '''''*&~p) =^ - ^^^^' 



which united with (5) and (6) gives two values of \, /l6, v. 

The expression for the area of a section of an ellipsoid by 
a plane not passing through the centre will be given in a future 
article. (Art 79.) 
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1. Shew that the two generating lines of the' surface 

c»(a^ + y^)-aV = aV 

drawn through a point for which ^ = ± Ca / ^ a ^'^e at right 

y ft "7" C 

angles to each other. 
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2. Shew that all the points on the surface 

a a c 

for which the generating lines are inclined at an angle a, lie in 
one or other of two fixed planes. 

3. If the surface 

be cut by a central circular section of the ellipsoid 

the sum of the squares on any two perpendicular radii vectores 
of the curve of section is constant. 

4. The equation of a surface can be put into the form 
aj* + y'+ z^+ij^x + my -{-nz^p) {Vx •]■ rny + nz — p) =^0, 

find the planes which give circular sections. 

• 5, Prove that the sections of the surface 

xy + yz + ex = l, 
by planes parallel toaj + y + ^=0, are circles, 

6. Find the circular sections of the surface 

7. Prove that if the section of the surface 

a c 
by the plane Ix -f my + w^ = be a rectangular hyperbola, 

W mb* n(? 

8. Find the locus of the foci of all parabolic sections of the 

surface 

f ^^_ 
j + ^-aj. 
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9. Prove that the foci of all centric sections of the surface 

ax^' + bi^ + cz^^l 
lie on the surface 

= (aa;»+ 6y« + C0') { (c - 6)y;5» + (a - c) Vic* + (6 - a) Vj^}. 

10. Prove that through any central radius OB of an ellipsoid 
one section can in general be drawn of which OB is an axis. 

11. Find the equation of a right circular cylinder whose 
axis is the line 

?— y ^^ 

I m n* 
and whose radius is a. 

12. Find the condition that the cone 

Ax^ + Bi^+ Cz^ + 2Ayz + iBzx + Wxy = 
may have three generating lines mutually at right angles. 

13. Find the equation of the right cone which has a centric 
circular section of the ellipsoid 

2 S 8 

^ + 2^ + ^ = 1 

a b c 
for its base and its altitude equal to b. 

14. Find the equation of a right circular cone referred to 
rectangular axes, having its vertex at the origin, and meeting 
each of the co-ordinate planes in one line only. 

15. Find the locus of the points at which the two gene- 
rating lines of the surface 

Aa? + Bf+Gz'^l 
are at right angles. 

16. If a plane be drawn through the straight line 

I ^ m n* 
the two other straight lines in which it cuts the cone 
(5- C)yz(mz''ny)+{C-A)zx(nx-lz) + {A-B) xy (Zy-mir)=0 
will be at right angles to each other. 
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17. Shew that any point on the hyperboloid of one sheet 
may be represented by the equations 

a; = a cos ^ sec 0, 

y = h sin <^ sec 0, 

z=^c tan ; 

and find the equations of the generating Unes through that 
point. 

18. Shew that if the two generating lines at any point of 
the surface 

a? + y^ _ ^ _ 1 

be at right angles respectively to those of opposite systems 
through a second point, the two points are either in a plane 
through the axis of z or equally distant from the plane of xy. 

19. If two planes be drawn passing respectively through 
two generating lines of the same system at the extremities of the 
major axis of the principal elliptic section of a hyperboloid of 
one sheet and intersecting in any third generating line, the 
traces of these planes on either of two fixed planes will be at 
right angles. 

20. If a = 0, ^ = 0, 7 = 0, S = be the equations of the four 
faces of a tetrahedron expressed as in Art. 26, the equation of a 
hyperboloid of one sheet passing through two opposite edges is 
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69. It will be useful to commence the chapter with the 
following definitions. 

1. The centre of a surface is a point such that all chords 
passing through it are bisected by it 

2. The locus of the middle points of a system of parallel 
chords of a surface is called the diametral surface of the system. 

We shall shew that if the original surface be a quadric, the 
diametral surface of any system of parallel chords is a plane. 
In this case we shall require the following definition. 

3. A principal plane of a quadric is a plans perpendicuiar 
to the chords which it bisects. 

We shall shew hereafter that such a plane can always be 
found. 

70. If a quadric have a centre and be referred to a system of 
a^es with the centre as origin, the equation will not contain any 
terms of the first degree. 

For the general equation of the second degree is 

Aa? + By^ + 6V + "^Ayz + "IBzx + IG'xy 

+ 2^"aj + 25'> + 2(7"« + i^=0 (1). 

Then if x^, y^, z^ be the co-ordinates of any point on the 
surface, — a?^, — y^, — z^ must also satisfy the equation (1), since 
the origin is the centre. Hence we have 
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+ 2A'x^ + 25'Vx + 2 CX + J?'^ 0, 
u4a?,» + By,' + C!^,« + 2^ Vi«i + 2^«,a?, + 2 C'rr^y, 

- 2^'X - 2jB"y, - Wz, + F=0. 
Subtracting we obtain 

^X + ^'Vi+ C'X = (2). 

This equation must be satisfied for all values of a?^, y^, z^ 
consistent with (1). But unless u4" = 0, B' = 0, (7"=0, equa- 
tion (2) can only be satisfied by the co-ordinates of points lying 
in the plane 

A''a!-\-B'y+C'z^O. 

Consequently we must have 

and the equation (1) does not involve the first powers of a?, y, z. 

Conversely, if the equation of a quadric do not involve the 
first powers of x, y, z, the origin is the centre of the surface. 
Moreover, if the equation can be put in the form 

Ax'^ + By^ + Cz^^F (3), 

the axes being rectangular, the co-ordinate planes will be prin- 
cipal planes. For if x,, y^, z, satisfy the equation (3), so do 
— a?!, yj, z,. Hence the plane of yz bisects all ordinates parallel 
to the axis of x, and similarly for the other co-ordinate planes. 

Conversely, if each co-ordinate plane bisect all chords parallel 
to the corresponding axis the equation must assume the above 
form. 

71. To find the locus of the middle points of a system of 
• parallel chords drawn in an ellipsoid. 

Let the equation of the ellipsoid be 

8 2 8 

a""^ b'^c^ ^^^' 

and let the equations of any one of the system of parallel 
chords be 



I m n 



= r (2), 

re 

where I, m, n are direction cosines. 
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To find the points where (2) meets (1) we have 

{a + lry (fi + mry (7 + nr)' _ 
a' ■*■ 6" ■*■ c» "■ ' 

This equation gives two values of r which are the distances 
from the point (a, fi, y) of the two points where the straight line 
cuts the ellipsoid. If (a, ^, 7) be the middle point of the chord, 
these two values must be equal, and opposite in sign, and the 
coefficient of r in the equation (3) must vanish, or 

^,-h j^, + ^, u. 

Hence (a, /3, 7) always lies in the plane 

a'^ V + c'"" ^ ^' 

which is therefore the equation of the locus of the middle points 
of the system of chords. 

72. If ajj, y^, z^ be the co-ordinates of the point in which 

the line y = ^ = - meets the ellipsoid, that is, the co-ordinates of 

the extremity of the diameter drawn parallel to the system of 
parallel chords, we have 

I m w ' 
and the equation (4) of the last article may be written 

^ + M + V=0 ..(1). 

a be ^ 

Also if ajj, y^ z^ be the co-ordinates of any point in the curve 
in which this plane cuts the ellipsoid, we have 

a c 
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which shews that the point (x^, y,, ^J lies in the plane 
which bisects all chords parallel to the diameter through 

The planes which bisect chords parallel to the two diameters' 
through (a?p y^, z^, (a?,, y^, z^ will intersect in a straight line. 
Let the co-ordinates of the point where this line meets the 
ellipsoid be a?,, y^, z^. Then since (x^ y^ z^ lies in the planfe 
which bisects chords parallel to the diameter thi-ough (a?^, y^, z^ 
we have 

^a + ^a + ^ -^> 

and since it lies in the plane which bisects chords parallel to th^ 
diameter through (a?,, y,, z^, we have 

a« ■*■ i« ■*""?■"• 

These last equations shew that (a?^, y^, ^J, (aj^, y,, ^J both 
lie in the plane which bisects all chords parallel to the diameter 
through (a;,, y^ z^. 

Hence the three diameters have this property, that the plane 
through any two of them bisects chords parallel to the third. 

The three diameters are called conjugate diameters. 

73. The equation of the ellipsoid when referred to a system 
of three conjugate diameters as axes a^swmes the form 

x' y* 2* _^ - 

where a', b', c' are the lengths of the semi-conjugate diameters. 

For the equation must be of the second degree by Art. 48, 
and since each co-ordinate plane bisects chords parallel to the 
corresponding axis,, by Art. 70 the equation must assume thie- 
form, 

, Ax^ + By^^-Cz^'^F. 

When the axis of x meets the surface we have 

" a? = a', y = 0, 2^ = 0, * 

A. o. 6 
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and therefore 



Similaxlj 



A 
" B' 



And the equation becomes 

74. The co-ordinates of the extremities of three conjugate 
diameters are connected by the relations 



a 6 c 

2 t 2 

a* ■*" 6« "*■ c' 

t S 8 



-1 = 



-1 = 



-1 = 



(i)» 



aj.ir. 






a 



+ 



6* 






= 






+ ^ = 









i~s 



= 



(2). 



Squaring all these equations, and adding twice the squares 
of the second three to the squares of the first three, we get 

Expanding, and rearranging the terms we get 



= 0. 



+ 2 









S'^KS^l'^'i')*-'^ 



oa 
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Whence x^+x* + x*=^a^] 

y." + 3^»^+y,^=*' • (3)' 

^i^j + «,cr, + ^^a:, = > W- 

This transformation can be easily seen to be equivalent to 

that eflfected in Art. 44, using — ^ for I,, and so on. And the 

a * 

method of that article may be employed to deduce (3) and (4) 

from (1) and (2). 

75. From equations (3) of the last article we obtain by 
addition 

a'^ + i^+c'^^a'+V + c' (1), 

where a', i', c are the lengths of the semi-conjugate diameters. 

Let \, /A, V be the angles between (6', c), {c, a) and (a , V), 
respectively. 

Then since the direction-cosines of a' referred to the principal 

axes of the ellipsoid are -^ , ^ , -^, and similarly for those of 

b\ c\ we have by Art. (8), 

c 

But we have ^..S + ^.^ + J.J^O, 

a a c c 

"t 5(4.^1 2s + £t fi = o 
a a 6 6 c c 

^ 3«i £i 

a 6 c 






bo ca ao 

6-2 
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F ^ 6" "^ c" 



^/( 



y>g.-yA'' 



6c 



y + / ^^. - ^.'^A + / a'^.-'^8y.^ 



„. + ja + ^ 



by equations (1) and (2) of the last article. 

Hence 6V8in'X = 6V^* + c'a'tf + a»J*^'. 

a c 

Similarly cV sin* /t = 6V J* + cV ^ + a'J'^ , 

o^i" sin'.* = JV ^' + c^o' ^* + o'i» %' . 

a 6 c 

Adding, we get 
Q)'c' sin \)» + (cV sin /it)* + (a'6' sin y)* = 6*c* + 0*0* + o»6* .. ..(2). 

Again, if p be the perpendicular from the point {x^y^, z^ on 
the plane which contains a' and V, whose equation is 

a'^ V^ <?~ ' 



we have p = 



»+ y + ^ 



1 



TfW^ 



Hence p^a%'^Bm^v^a^Vc\u..l. (3). 

But a%' sin v\^ the area pf the parallelogram whose edges 
are a and i', andj?a'J'sin v is the volume^ of the jparallelepiped 
whose base is this par^illelogram and whose altitude is^, that is, 
the volume of the parallelepiped whose three edges are a\ V, c\ 
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By Art 14 this volume can be expressed in the form 

aVc J\ — cos'X — cos'/6& — cos^ z/ + 2 cos \ cos /lc cos v. 
Hence this expression is equal to ahc. 

76. Another method of obtaining these relations is aflforded 
by the consideration that the expression 

^! + ^ + jV^(a^+2/* + ^) 

is transformed by taking three conjugate diameters as axes to 
the expression 

a? y^ £^ 

-72 + TTs + —2 + ^ (aj* + y^ + «' + ^yz cos \ + 2zx cos fi + 2xy cos v). 

Consequently, if for any value of h the first expression split up 
into two linear factors, the second expression will do so likewise 
for the same value of h 

By Art. 49 the requisite values of h for the two expressions 
are given respectively by the equations 



(^+i-)(^+f')(^+?)=«' 



and 



-^'cos'X [k + -7,] -^'cosV (^ + T7a J - A? cos'* z/ r^ + -^ 

+ 2^® COS \ COS /Lt COS 1/ = 0, 

which when cleared of fractions and expanded become respect- 
ively, 

(^*6VAr' + (aV + SV + c'a^ *?+(«» + J' + c')A; + l=0, 
and 
a' Vc'* (1 - cos' \ - cos' /Lt - cos' 1/ + 2 cos \ cos /t cos v) A? 

+ (^"0" sin'\+ cV sin'/t+ a'i" sin'i/) A" 
+ (a"+&" + c'')i + l=-0. ' . 

And since these equations are identical we get the relations 
(1), (2) and (3). 
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They can also be obtained geometrically by a series of trans- 
formations; or by finding the values of the maximum radius vector 
of the surface when referred to three conjugate diameters as 
axes. The result will be a cubic equation in r*, and the three 
values of r^ will be a^ 6*, c*; whence the values of 

are known in terms of a\ b\ d. 

The formulas obtained in Arts. 71 — 76 hold ^or the other 
central surfaces if the proper changes be made in the signs of 
a', 6' and c*. 

77. The equation of the plane which bisects all chords 
parallel to the line 

^^i^t (1) 

»! ^1 «1 

ia a..5 + y.| + ;5.5 = (2). 

Conversely the chords which are bisected by the plane 

IxA-Tny^-nz^Q (3) 

are parallel to the line 

aH Vm (?n ^ ^' 

The line (4) is said to be conjugate to the plane (3). 

By Art. 72 all chords p? jallel to any line which lies in 
the plane (3) are bisected by some plane passing through (4). 

Hence the plane which bisects any system of parallel chords 
of the section by a plane 

ir + my + 715?— ^ = • (5) 

p9,rallel to (3), must contain the straight line (4). Whence it 
easily follows that the point where (4) meets (5) is the centre 
of the section of the ellipsoid made by (5). The coordinates of 
this centre are therefore given by 

^ Jl_^±^ 1(6 -k- my -{- na £_ *^ 
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78. The co-ordinates of the centre of the section of the 
ellipsoid 

^+^.+1=1 - (1) 

by the plane ' lx + my + nz=p (2) 

can also be obtained in the following manner. 

Let a, )8, 7 be the co-ordinates required, and let 

be the equations of any straight line drawn in the plane (2) to 
meet the ellipsoid, r being the length of the radius vector. 
Then if x, y, z be the co-ordinates of the point where (3) meets 
(1), we have from (3) 

a? = a4-\r, y = ^ + fA,r, z^y + vr, 

and therefore from (1) by substitution 

But if Of, ^, 7 be the co-ordinates of the centre of the section 
of (1) by (2), the two values of r given by (4) must be equal in 
magnitude and of opposite sign for all straight lines lying in (1) ; 
that is, we must have 

l^ + '^^^^O (5) 

a DC ^ ' 

for all values of \^ fi, v consistent with the equation 

XZ-f /t^m + rn = (6), 

which is the Condition that (3) may lie in (2). 

Hence the equations (5) and (6) must be identical, or we 
have 

a 13 y 

to? mb* luf' 

and as in the last article each of these fractions 

P 
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. 79. The equation (4) of the last article, when the values of 
a, )8, 7 are substituted in it, becomes 

Comparing this with equation (4) of Art. 68 we see that if 
r^ be the radius vector of the parallel central section which is 
parallel to r, we have 






Consequently since the areas of similar figures are propor- 
tional to the squares of any corresponding lines in the figures, 
if A be the area of the section of (1) by (2), and A^ the area of 
the parallel central section. 



-^-^^y- aT+bW + (fn'\ 



"Va'^' + ftW + cVf "^aV + ftW + cVr 

80. The result of the last article can also be obtained in 
the following manner. 

Let a, )8, 7 be the co-ordinates of the centre of the section. 
Then the equation 

(-^V^V(ill^ = A^ (1) 

a he 

represents an ellipsoid whose centre is at (a, /8, 7), and whose 
semi-axes are ha, kb, kc. 

At the point where this cuts the given ellipsoid we have by 
subtraction 

"^"^ b' '^■^"a^'^P'^c''^ '^• 
Or, putting for a, /3, 7 their values from equation (6) of Art. 

77, 

2(to + my + na) = 1 an i if « , » » + 1 - ^K 



PIAMETRAL PLANES. 89 

and if this equation be identical with 

lx + my + nz=p (2), 

the sections of the two ellipsoids by this latter plane will coincide. 

The condition for this is 



l-i?= 



P' 



••.*» = 1- 



P* 



But the area of the section of (1) by the plane (2) which 
passes through its centre, by Art. (68) 

iraho 






which is therefore the area required. 

81. It can be shewn by an investigation similar to that 
in Art. 71, that the locus of the middle points of a system 
of parallel chords of the surface 

whose direction-cosines are I, w, w, is 

2Bmy-\-2Cm=^l. 

Also the equation of the surface, when two diametral planes 
and a plane through the point where their line of intersection 
cuts the surfgwe, parallel to the two systems of chords bisected 
by them, are taken as planes of zXy xy and yz respectively, will 
assume the form 

where B and C have the same or opposite signs according as B 
and (/have. 

.- W-e shall however at once proceed to the more general 
problem. 
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82. To find the locus of the middle points of a system of 
parallel chords in any quadric. 

Let the equation of the surface be 

Aa? + By^ ■{■ C2? ■{■ 2A'yz + 2Bzx + 2 ffxy 

'\-2A"x+2B'y + 2C"z + F=0 (1), 

which we will denote by F(x, y, z) = 0. 

And let —^=^=^ = r 2, 

I m n 

be the equations of any one of the system of parallel chords. 

To find the points where (2) meets (1) we must substitute 
a + lr, fi+ mr, y + nr for x, y, z in (1). We thus get 

^ (a + Zr, )8 + mr, 7 + 7?r) — 0, 



or 



i^(cr./3,7) + {^f+-f+n^r + P^ = (3), 



where -5- > ts » -r- ^re the partial diflferential coefl&cients of 
dx dp dy ^ 

F{i, fi, 7) with respect to a, 13, 7 respectively. 

The equation (3) gives two values of r, which are the dis- 
tances from (/, )8, 7) of the two points where the line (2) cuts 
the surface (1). If (2, 13, 7) be the middle point of the chord 
these two values must be equal and opposite in sign, and the 
coefficient of r in the above quadratic must vanish ; 

,dF dF dF ^ 
•'' l-r-^m-TTT + n-j =0, 
ax dp dy 

6t writing out the values <^f -7- > 3o ^^^ 77^ » ^^^ rearranging, 

a(Al+Cm'\'Bn)+^{C'l + Bm + An)+y{B'l + Am + Cn) 

+ A"l'hB'm + Cr'n^O, 
which shews that the locus required is a plane. 

83. The diametral plane will not in general be perpen- 
dicular to the chords which it bisects. There are however cer- 
tain directions of the chords for which this is the case. Let 
tm duppode Irtiyfi t6 he the dit^ioit-cddned 6( Mf cbord of 
the system. 
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The equation of the diametral plane is therefore by the last 
article, 

x{Al+ Cm+ Bn) ^y {Cl^-Bm^- An) +z {Bl + Am+ Cn) 

+ A''l + Bm+C'n = 0. 

If this plane be perpendicular to the system of chords we 
must have, by Art. 23, 

Al-hCm + Bn V'l + Bm + An Bl + A'm+ Cn 



I 



m 



n 



Let each of these fractions be put equal to some quantity 8. 
We have then 



\A'^'s)l^^Cm^\'Bn = 0^ 



(1). 



= 0, 



Bl + A'm + (C'-s)n=^0] 

Whence eliminating ?, m, n, we get 

(As), C, B 

C, {B-s), A' 
B, A, {C-s) 

or {A-s) (B-s) (C -s) -A'* {A- a) - B'iB-s) -_Cr(0-s) 

+ 2A'B'C' = (2). 

This cubic equation will certainly give one real value of s, 
and the corresponding values of I, m, n are known from any 
two of the three equations (1). From the second and third 
we get 

m n 

AB^C'{C-s)^AC'^B(B^8)' 

or m{Ae-B{S^8)}-=n{A'B''C{0-s)} 

^^llBCr-A'iA^s)} (S), 

by symmetry. 

And when the value of 8 is known, equations (8) give the 
corresponding values of /, m, n. 

In Todhunter's Theory of Equations, Art. 176, it is shewn 
that all three roots of the cubic are real. 

The equation (2) is frequently called the diteriminatiiig 
cubic. 
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THE GENERAL EQUATION OF THE SECOND DEGREE, 



84, The general equation of the second degree can be 
written 

A;^ + JSy + Ci?' + 2-i> + 25'^a; + 2 Gxy 

+ 2^"a;+2jB"y + 2C?"^+i^=0 (1), 

which we will denote by F (oj, y, z) — 0. 

The object of the present chapter is to examine the nature of 
the different surfaces represented by (1), and the conditions that 
it may represent any particular kind of surface. 

We shall first examine whether the locus represented by (1) 
has a centre. 

If it has a centre and this point be taken for origin we know, 
by Art. (70), that the terms of the first degree must disappear. 

Assume a, ^, 7 as the co-ordinates of the centre. The 
equation when the origin is transferred to this point is obtained 
by substituting in (1) x + a, y' + ^, / + 7 for aj, y, ^, respect.- 
ively (Art. 43), and is therefore 

^(aj' + a, y' + A'8^'+7) = 0, 
which can be written 

the remaining terms being of the second order in a?', y\ /, and 
IT ' //5 ' ^ having the same meaning as in Art. 82. 



a = — 



THE GENERAL EQUATION OF THE SECOND DEGREE. 93 

If the coefficients of a?', y, s! vanish, we have 

^=0 ^=0 ^=0 

or writing them out at length, 

Aa + (rp + B'y + A" = 0] 

Cra+BP + A'y + B' = \ (2). 

£'a+Ap+Cy+ 0" = OJ 

These equations determine a, /3, 7. We get from them 

A" C B 
B' B A' 
C" A' C 



A 


C 


B 


C 


B 


A' 


B 


A' 


C 



_ A"{A'*-BC)+B'{CC'-A'B) + C"iBB- G'A') 
ABC+2A'BG'-AA'' -BB*- CC 



(3). 



„. ., , a_ A\GG'-A'B)+B'{B'- GA)+ CjAA'-BC) 

bmularly p- ABC+2A'BC'-AA"-BB*-GG" 

_ A"(BB-C'A')+B'{AA'-BG')+G"(G''-AB) 
'^ ABG+^A'BG'-AA'^-BB*- GG"* 

We can therefore always obtain finite values of a, ^, 7 except 
when 

ABG+ %A:B0' - AA'^ - BB^ - CG"^ = 0, 

in which case the surface has not a centre unless the numerators 
of the above three fractions vanish, when the values of a, ^, 7 
become indeterminate ; . the reason of such indeterminateness 
being that the three equations (2) are not all independent. 
(Todhunter's Algebra, Arts. 214, 215.) 

If the denominator do not vanish the surface has a centre 
whose co-ordinates are given by (3). 

It may be noticed that the equations (2) are the conditions 
that the point (a, )8, 7) shall lie in the diametral plane to all 
systems of chords. (Art. 82.) 

85. We see from the last article that it is not always possi- 
ble to get rid of the terms involving a:, y, z. We shall now 
shew that it is always possible to simplify the equation by 
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transformation so as to get rid of the terms involving yz, zx 
and xy. 

By Art. 83 we know that there is at least one system of 
parallel chords which is perpendicular to its diametral plane. 

Let a straight line parallel to these chords be taken as the 
axis of z and let the transformed equation be 

Px^ ^-Qy" ■\' Re" '\'2Fyz'{'2Qfzx-\'2Exy 

+ 2P''a; + 2 (2'V + 2i?";5 + -F= 0. 

The direction-cosines of the chords which are perpendicular' 
to their diametral plane are given by the equations 

Pl-^-Km-^-Ofn^sl, 
Rl + Qm +Pn = sm, 
Q[l-^Pm-\- Rn = sn. 

But since these chords are parallel to the axis of z these 
equations must be satisfied by 

Z — 0, m = 0, n = l. 

Whence we get Q[ =^0\ P' = 0, and the equation of the sur- 
face is 

Pj? + Qf + Rz" -h 2R:xy + 'IP'x + 2Q"y + 2R;'z + F^ 0. 

Turning the axes of x and y in their own plane through an 
angle 6 given by the equation 

2R 
tan 25 =-7; — -?. (Todhunter's Conic Sections, Art. 271), 

the term involving xy disappears, and the equation assumes the 
form 

Pa?+ Qy^-^Rz^ + 2P'x + 2Q"y + 2i2"^ + 1^= 0. 

The equations which determine the directions of the principal 
diametral planes are now satisfied by Z = 1, m = 0, w = 0, or by 
Z = 0, m = l, 71 = 0. Consequently each of the axes of x and y 
as well as that of z is parallel to one of the three lines deter- 
mined by equations (1) of Art. 83. 

We thus have an independent proof that these three direc- 
tions are all real and at right angles to each other. 
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86. We have now shewn that by a proper choice of axes 
the terms involving yz, zx and xy can be made to disappear. It 
remains to explain how the coefficients of the different terms in 
the resulting equation can be determined. 

Let \, m^, w, ; Z„ m^, n^\ Z3, mg, n^ be the direction-cosines of 
the new axes. These values all satisfy the equations (1) of Art. 
83. Let 5j, 5,, ^3 be the corresponding values ois. 

By Art. 44* the required transformation will be effected by 
substituting for a;, y, z the expressions 

respectively. If therefore the original equation be 

u4a?" + J5y» + (7a» + 2^ y;5 + 2J5';2jar + 2 C'a;y 

+ 2^"a? + 2^'y + 2C''z +-F=0, 

the coefficient of x^ in the result will be 

Al,^ + J5m,» + Cn^ + 2Am^n^ + 2B'n,Z, + 2 C%m^. 

But from Art. 83 we have 

Multiplying these equations by Z,, m^, w^, respectively, and 
adding, we get 

Al^ + Bm^ + Cn^ + '2.A'm^n^ + 2B w,?, + 2 (77,m, = *,. 

Hence the coefficient of x"\ or P, is s^. Similarly Q = 5,, 
B = s^, or P, ft J2 are the three roots of the discriminating 
cubic. 

It follows from this that the coefficients of the discriminating 
cubic remain unaltered in value however the axes may be turned 
about the origin. 

The results of this article have been already obtained in 
Ai-t 61. 

87. It is easy to verify that the coefficients of t/z\ zx' and 
fcy disappear, since ?,, m,, n,; ?», r/?,, w,; Z,, mg, n, are the di- 
rection-cosines of lines such that any one is parallel to each of 
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the planes which bisect chords parallel to either of the others, 
and thus l^j m^,n^, l^, m^, n^, satisfy the relation 

+ ff {nj,^ + nj,^ + C (Z,m, + i,w J = 0, 

and the expression on the left-hand side of this equation is the 
coeflScient of xy in the transformed equation. 

The coefficients of x\ y' tod z in the transformed equation 
wiU be 2 {A\ + Bf'm, + (7X)> 2 {A\ + B'm^ + O'X) and 

2 (^'7, + ^X + 0"n3), 
respectively, and the constant term remains unchanged. 

88. The equation when transformed to 

can be farther simplified by a change of origin. 

Suppose first that none of the quantities P, Q, R vanish, that 
is, that none of the roots of the discriminating cubic vanish, 
which will be the case if the constant term of the cubic, or 

ABG^- 2AB C - AA'^ - BB'^ - aC", 

be diflferent from zero. 

In this case the equation can be written 



(- 



p//2 /Y'a ly'a 

and transferring the origin to the point whose co-ordinates are 

this becomes 

Pa?+Qy' + Rz'=^F\ 

This represents an ellipsoid, a hyperboloid of one or two 
sheets, or an impossible locus, respectively, according as the 

quantities -p, -yy, -^ are all positive, two positive and one nega- 
tive,^ one positive and two negative, or all negative. 
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Thus unless ABO+ 2A'B0''- AA'^-- BB'^ ^ CC* vanish, the 
surface has a centre and is one of the surfaces whose equations 
we have already investigated. 

Now if we had changed the origin first to be the centre, we 
should have got rid of the terms of the first degree, and the 
equation would have been 

Aa? + Bt^+Cz^+2A'yz + 2B'zX'\-2Crxy=-F' (1), 

which by turning round the axes would become 

and consequently, if i^ be positive the surfax^e (1) will represent 
an ellipsoid, a hyperboloid of one or two sheets, or an impossible 
locus according as the roots of the discriminating cubic are all 
positive, two positive and one negative, one positive and two 
negative, or all negative. If F' be negative the order of the 
statement must be reversed. 

89. If F' vanish the surface is a cone. Now returning to 
Art. 84 we see that F"^ — F(af A 7)> where a, fi, y axe determined 
from the equations 

AcL+Cfi+B^y + A^^O] 

O'a+5/3+^7 + 5" = 0} (2)- 

S^a+A'^+ Cy + Cr = o\ 

Multiplying the first of these by a, the second by ft the third 
by 7 and adding, we get 

Aoi!' + BI3l'+Cy' + 2A'ffy + 2B'ya + 2(7afi 

+ A"a + B^'fi+G'y=0. 

But 

A(i^ + B^+ Gy* +2A fiy + 2ByoL + 2Cafi 

+ 2A''a+2Br'^ + 2G"y + F^F{a,l3,y)^''F\ 

Subtracting the first of these from the second, we get 

^F::^A'a+B''fi+cr'y + F. 

Hence if the sur£siee be a cone 

A''a + B''0^C''y + F^O. 
A. a. 7 
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And eliminating a, ^, 7 between this equation and the three 
equations (2), we get as the condition that the surface repre- 
sents a cone 

A C B A' 



C B A' S' 
B A' G G' 
A:'B' G" F 



= 0. 



90. Suppose, secondly, that one of the quantities P, Q, R 
vanishes, as P. From this it follows that the constant term of 
the cubic in s must vanish, or 

ABG+2A'B'C'-AA'^^BB^^Ca'=0, 

which we saw in Art. 84 indicated that there was not a definite 
centre. 

The equation becomes 

and by changing the origin we can get rid of the terms in y and 
z, and the constant term ; the equation thus becomes 

Qf + Bz' + 2P'x=0, 

which represents an elliptic or hyperbolic paraboloid according as 
Q and B have the same or opposite signs, or according as 

BG+GA + AB^A'^'-B^-C'\ 

which is the coefficient of s in the cubic, and therefore equal to 
the product of the two finite roots, is positive or negative. 

91. Thirdly, let two of the quantities P, Q, B vanish, which 
necessitates the two conditions, 

ABG+2A'Ba'-AA'^^BB^^ G(7'' = 0, 

BG+ 0^ + -4P-^"-P'»- (7'" = 0. 

« 

The equation now becomes 

Bz^ + 2P'x + 2g'y'\-2B"z + F=0. 

And by changing the origin, the term involving z and the 
constant term may be removed, and we get 

Bz' + 2F'x^2g'y=:=0. 
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By turning the axes of x and y round in their own plane, 
the equation can be reduced to the form 

which represents a parabolic cylinder whose generating lines are 
parallel to the axis of y. 

• * 

The two conditions 

ABG->r 2A'B' G' - AA" - BB^ - CC* = 0, 

can be replaced by simpler ones. For the first equation is equiva- 
lent to either of the forms 

(AB - a") {BC - A^) = {C'A - BB)\ 
{BC'-A'^{GA^B^^{A'B'-OC'y, 

whence it follows that the three quantities -4J5— (7", GA — B^, 
' BG—A'^ have all the same sign, and therefore if their sum 
vanishes they miist vanish separately, and we must have 

5(7- ^'"=0, G4-^ = 0, AB-G'^^O. 

We must also have 

B'G'^AA'^O, G'A'-'BB^O, A'B^GG'^O, 
but these are included in the former. 

92. If only one of the quantities P, Q, B, as P, vanish, and 
P" also vanish, the equation becomes 

Qy' + B2!' + 2Q['y + 2B!'z + F=0, 

which can be reduced to the form 

Qf + Bz' + rr=.0, 

and therefore represents an elliptic or hyperbolic cylinder ac- 
cording as Q and B have the same or opposite signs, that is, 
according as 

BG- A'^ + GA^B^ + AB-e* 

ft 

is positive or negative. 

7—2 



(1). 
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The condition that P" may vanish is, that 

should vanish, where Z^, m^, n^ are the values of I, m, n derived 
from equations (1) of Art. 83 by putting « == 0. But these values 
are proportional to 

1 1 1 

B'C'-'AA' C'A^BB* AB-CC 

so that we get 

^C'-AA''^ &A^BB^ Jiff- CO' • 

This condition may be obtained in another form from the 
consideration that the equations 

A\ + ff'm^^- a\^Q 
A\ ^G'm^+B'n.^O 
G\+Bm^ +A\=0 
£\+Am^ + Cn,=0 

must be all satisfied by the same values of l^, m^, n^, and the 
requisite conditions that this may be the case are 

ABO + 2A'BV - AA'' - BB^ - CG'^ = 0, 

united with any one of the set, 
A"{CG'^A'B)+B'{B^^GA)+G''{AA'^BC')^0,^ 

A'' (A'' ^BG)+B' {CG' - A'B) + 0" {BB - G'A") = 0, > 

A''(BB-^G'A') + B'{AA'^BG') + G"{G'^-^AB) = 0.1 

The equations (1) are evidently the conditions that the three 
equations (2) of Art. 84 should not be independent, and conse- 
quently there is a line of centres. 

93. If two of the roots of the discriminating cubic as P and 
Q vanish, and P'\ Q' also vanish, the locus reduces to 

which represents two parallel planes. The conditions for the two 
roots vanishing are 

^a-^'» = 0, C4-5'^ = 0, AB-'G^'^O (2), 



OF THE SECOND DEGEEE. 101 

and Zj, m^, n^ are only restricted by the equation 

Al,+ G'm, + JB'n^:=0 (3), 

with which the other two equations in (1) Art. 83 become 
identical. 

If we have also A'\ + B'm^ + C\ = 0, for all values of 
Zj, m^, n^ consistent with (3) we must have 

A" B' 0" 



or from (2) 



A'' G'" E' 

A" B' a" 



JA JB JG' 
94. On the whole then we have the following results. 

I. Ji ABG+2A'BG'-AA'^^BB^''GG'^ be not zero, 
the equation represents an ellipsoid^ a hyperboloid^ or an impos- 
sible locus, with the cone as a variety of the hyperboloids. 

II. 1£ ABG^2ABG' - AA^-BB^-- GG'^ vanishes, the 
equation in general represents an elliptic or hyperbolic para- 
boloid according as 

BG^- GA-^AB^A'^B^-- G'^ 

is positive or negative; which may degenerate into an elliptic or 
hyperbolic cylinder, with a straight line or two intersecting 
planes as particular cases. 

in. If BC^A'\ CA'-B^, AB-G"* all vanish, the 
equation represents a parabolic cylinder which may degenerate 
into two parallel or coincident planes. 

The conditions that the equation may represent a surface of 
revolution may be obtained from the consideration that two roots 
of the cubic in s are equal. This is discussed in Todhunter's 
Theory of Equations, Art. 179, to which the reader is referred. 

The reduction of the equation in the particular case when 
ABG'^-ZABC^AA'^-'BB^^GC^^O 
may be eflfected by writing it in the form 
{Ax'^Cy+B'zf^'{AB^C'^)y'^-2{AA:^BG')yz+{CA^B^s? 
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. AA'-KG' CA-JB^ 

orputtmg AB-C" ''^'= AA'-:BC" ' 

+ ^ (2^"a! + 25"y + 2(7"2 + i?0 = 0- 
And if we take as co-ordinate planes the planes 

ilar + C7'y + JB'iS = 0, . . 

2^"a + 25"y + 2 C"a + 2?*= 0, 

this equation will in general assume the form 

iy-l-(2s!* + i?a! = 0, 

which represents one of the paraboloids. The axes are not how- 
ever rectangular. The exceptional cases can be deduced from 
the consideration that the reduction fails when any two of the 
three planes ajre parallel, or when one of them is parallel to the 
intersection of the other two. 

We shall conclude this chapter with the following general 
proposition. 

95. If two surfaces of the second degree intersect in one 
plane curve, all their other points of intersection lie in another pla/ne 
cu/rve. 

For let 8=^ and S' = be the equations of the two surfaces, 
and &c + wy + w«— 1> = 0, or a = the equation of the plane 
of intersection. Then the curve in which a = cuts the surface 
vS=0 coincides with the curve in which it cuts the surface 8' = 0. 
So that the three equations /ff=0, 8' — 0, a = are satisfied by 
an indefinite number of values of x, y and z. 

Consequently the expression 8 must be identical with 
k8^ + a^, where A; is a constant and fi a linear function of 
xyy,z. 

Hence when 8=0 and 8' = 0, we have a = or ^ =0, that 
is, all the points of intersection lie in one of the' two planes 
a = 0, or/3 = 0. 
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EXAMPLES. CHAPTERS VI akd VIL 

1. If -4j, -4„ A^ be the areas of the sections of the ellipsoid 

9 9 8 

made by planes perpendicular to any three generators of the cone 

g^ (a*-d') + 1/' (J»-«f) + «• (c*-(Z") =0, 
and if p^, p^ p^ be the perpendiculars on the planes from the 
origin, then 

2. Find the locus of the centres of sections of au ellipsoid, * 
the areas of which are always in a constant ratio to the areas of 
the parallel central sections, 

3. OL, OM, ONaxe conjugate semi-diameters of an ellip- 
soid; x^, y^, z^ the co-ordinates of L; x^, y,, z^ and x^ y^^ z^ those 
of Jf and -irrespectively. Prove that the equation of the plane 
LMNi^ 

5(a?,+«?,+a?,) + |(y,+y,+y8)+5(^i + ^9 + ^J^l: 

4. Find the area of the section of the ellipsoid by the plane 
JuMN'va the last example. 

5. OLy OMy ON are conjugate semi-diameters of an ellip- 
soid; a perpendicular is drawn from on the plane XJ1£N" meet- 
ing it at Q'j and a diametral plane is drawn parallel to the plane 
LMN. Shew that the cone which has its vertex at Q and for 
its base the section of the ellipsoid by the diametral plane, is of 
constant volume. 

6. Find the locus of the directrices of all sections of an 
ellipsoid made by planes passing through the least axis. 

7. Shew that a straight line parallel to the least axis of an 
ellipsoid will be the directrix of two plane sections of the ellip- 
soid, provided the straight line be situated between two definite 
cylindrical surfacea 
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8. If two surfaces of the second degree have a common 
centre, prove that they have one system of conjugate diameters 
coincident in direction. 

. 9. Rnd the locus of the centres of sections of an ellipsoid 
made by planes at a constant distance from the origin. ,) 

10. If A,B,G\>e the areas of any three conjugate diametral 
sections of an ellipsoid; X, Y, ^ those of the sections made by 
planes respectively parallel to them and intersecting in a point on 
the surface, prove that 

11. If closed polyhedrons of the same number of faces be 
inscribed in an ellipsoid such that if x^, y^, z^ ; a?,, y„ «, be 
the co-ordinates of the extremities of any edge B8, 

a' 6^* c* "' 

where I„ is a given quantity, the volumes of all these poly- 
hedrons will be equal. 

12. Any generating line of the cone 

Bt'+Qy' + Bz^^i) 

being taken, a plane is drawn diametral to it with respect to the 

surface 

Aa? + By*+Cz*^l. 

Shew that the principal axes of the sections of the latter surface 
by such planes all lie on the surface 

13. Find the co-ordinates of the centre of the section of the 
surface 

made by the plane Ix -I- my -^nz =^p. 
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Find the locus of the centres of all sections made by planes 
passing through a fixed point. 

14. Find the locus of the middle points of all chords of the 
surface 

a {yz + «fl? + xy) = xyz 



which are parallel to the line 

X = y = z. 

15. If two surfaces of the second order have each a principal 
section in the same plane, the projection of their curve of inter- 
section on that plane is a curve of the second order. 

16. Prove from the equations (1) of Art 83, that the three 
directions of chords which are perpendiculai* to their diametral 
plane are mutually at right angles. 

17. Find the least and greatest central radii of the section 
of the surface 

by a plane Ix + my + w« = 0, and deduce the eccentricity of the 
section. 

18. Investigate the nature of the surfaces, 

(1) 2a;' + 52/» + 3-^ + ^yz-^zx^-^xy + 1 = 0. 

(2) Q^-^-^y'-s?-' 2yz'-zx + 4ixy + 2z = 0. 

19. Interpret the equations : 

(1) y;5 + ^a; + icy — a; — 2y — 3« + 2 + a = 0. 

(2) a;' + 2/ - Sz"" + 2yz^^zx - 2a?y + 3a; = 0. 

(3) 0;^+ V-6a;y + 2j^-4;5 = 0. 

(4) a;' + y*--s*+2y« + a5a;-2a;y + 2a; + 2y + 2« = a". 

20. Shew thai; the two surfaces whose equations are 
(A»+y + c»)a;»+(A« + c» + a»)y"+(A» + a" + 6')«' 

— 2hcyz — 2ca2;a; — 2ciibxy = 1, 

and {fiy — hz)^ + (a« — ca?)' + (6a; — ay)' = 1, 

have their axes coincident in direction. What kind of surface 
are they respectively ? 
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21. Find the equation of a surface of the second degree 
which contains two given straight lines at right angles, and 
the condition that it may be a hyperboloid of one sheet. 

Take the shortest distance between the lines as axis of Zy the 
middle point of it as origin^ and the axes of x and y parallel to 
the two lines. 

22. Find the equation of the surface generated by a straight 
line which meets three straight lines which are mutually at 
right angles, but which do not intersect. 

23. Shew that the section of the surface 
AQ?^-Bf^ C£'^2Ayz + 2Fzx + 2Gxy = 1, 

by the plane Ix + my + nz = 0, will be a circle if 

Bn"" + Cm'' -2A'mn _ GP -h An!' '-•2B'nl ^ Am'' + BP-2C'Im 
m^+n'' " n» + P P + m' 

24. Shew that the axes of the surface 

^ . Aa?'{-Bf+Cz* + 2A'yz + 2B'zx + 20'xy^l 

lie on the two cones 

a(a?-^f)'-Byz + A'zx'-{A^B)xy^O, 
A'ii/''-z^'-(B-C)yz'-G'zx + B'xy = 0. 

25. A cone whose equation referred to its principal axes is 

a'a^ + ^y'=(a' + ir)z\ 
is thrust into an elliptical hole whose equation is 

Shew that when the cone fits the hole its vertex must lie on 
the ellipsoid 



2 "T 7 2 "V Z 

a cr 



(^p)-- 



26. Any plane is drawn cutting the three principal planes 
of a cone of the second order. Prove that the triangle thus 
formed is self-conjugate with regard to the section of the cone. 



CHAPTER VIII. 

ON TANGENT LINES AND PLANES. 



96. The straight line joining any point P on a surface to 
another point Q on the surface^ is called a chord. If the point 
Q be made to approach indefinitely near to P, the limiting 
position of the chord PQ is said to be a tangent line to the 
surface at the point P. 

In general all the tangent lines at the point P lie in a plane^ 
"which is called the tangent plane at P. This we "will no"w 
prove. 

Let (V, y, z be the co-ordinates of any point P on a surface 
"whose equation is 

P(aj,y,i?) = (1). 

And let the equations of any straight line through P be 

d-xj_-y^^z:-z^^ (2), 

Where a?', y', z are current co-ordinates. 

To find the points where (2) meets (1) we must substitute 
x-k-lr^y -^ mr, z + nr for x, y, z in (1) ; 
we thus get the equation 

F{x-\'1/r, y + mr, -sr + Tir) = ; 



^, . (,dF ^ dF ^ dF\ 
OT^Fix,y^z)+r{l^+m^ + n^) 



r^ Ld d , dVjj,, . 

+ [2r^ + ^^+^4^(^'2^'^^ 



+ 



supposing F(x, y, z) to be of the p^ degree in x, y, z. 
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This equation gives the distances from Pof the different points 
in which (2) cuts (1), and since (x, y,z) is a, point on the surface 
(1), F{x, y, z) vanishes and the equation (3) is satisfied by 
one value of r equal to zero. 

l£l,fn,n be such as to satisfy the equation 

>• tt jP aJc dF ^ , MX 

^^+"^^ + «T.=^ W' 

two values of r are zero, and the line (2) meets the surface in two 
coincident points, and is therefore a tangent line to the surface 
&t (x, y, z). Equation (4) is therefore a condition which must 
be satisfied by the direction cosines of aU tangent lines at the 
point P. 

But for all points in any such tangent line we have 

a?' — oj v' — V z —z 



-y "y_ 



I m n 

Consequently for all points in any such tangent line we have 

(-'— )S'+(y'-y)f+(-'--)f=o...(5). 

whence it follows that all the tangent lines in general lie in 
a plane whose equation is (5). 

97. It may happen that at a given point of a surface the 
three quantities -7- , -7- and -j- all vamsh. 

If this be the case, the equation (3) of the last article always 
gives two values of r equal to zero, and all lines through the 
point P meet the surface in two coincident points. The vertex of 
a cone is such a point. If we take l^ fn,n such as to satisfy the 
condition 

„cfP ^dT^^iPF 

+2i-|£+2i^^+2'-^=o a), 

three values of r will be zero, and the straight lines whose 
direction cosines satisfy this equation meet the sm&ce in 
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three coincident points; eliminating I, m, n, we have ^ the 
equation of the locus of all such straight lines 
, , V J d*F f , .J ^F ,, sA ^F 

+ 2(y'-y)(^'-^)U+2(.'-.)(.'-.)|| 

+ 2(.'-.)(y'-y)||=0 (2), 

which is the equation of a cone of the second degree whose 
vertex is at the point (a?, y, z). See Art. 34. 

A point at which -5- t j- and ^- all vanish is called a 
^ dx ay dz 

singular point on the surface, and the cone (2) is called the 

tangent cone at that point. 

98. In the case of Art. 96 we see that all straight lines 
whose direction cosines satisfy (4) meet the surface in two coin- 
cident points. If we take l^ m, n such as to satisfy both the 
conditions 



, dF dF dF ^ 
dx dy dz 



^d^F^ ,d^F. .d'F 



dydz dzdx dxdy 



...(1), 



the straight lines whose direction cosines are obtained from 
these equations meet the surface in three coincident points. 
They are therefore tangents -to- the curve -in which the tangent 
plane meets the surface. This curve, therefore, has a double 
point at the point of contact, since the above equations in 
general give two values of the ratios I im :n, which values may 
be possible or impossible. 

If the surface be of the second degree, the two straight lines 
pven by (1) lie wholly on the surface, and are possible if the 
surface be a hyperboloid of one sheet or a hyperbolic paraboloid, 
and impossible in other cases. 
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99. The equation of a surface is often given in the form 

« =/(». y)> or z -fix, y) = 0. 

, 1 . dF ^ df dz dF ^ dz 

In this case -j- becomes — t- or — -3-, -^ becomes — -3- , 

ax ax ax ay ay 

dF 
and -jf— becomes imity. The equation of the tangent plane be- 
comes therefore 

, dz . , . dz f , » 

It is usual to denote the quantities -7- and -7- by the letters 

iJ^9 ^J2_ gt^9 

p, q, and the quantities -7-5 , -r-j , , , by the letters r, t, 8, 
respectively, 

100, The equation of the tangent plane being 

/ , V dF . / , V dF f , V dF ^ 

the length of the perpendicular on it from the origin is 

dF dF dF 
ax ^ ay dz 



The letters U, V, Wsive frequently used to denote 

dF dF dF 
dx^ dy'* dz^ 

and the letters u, v, w, u, v', v/ to denote 

^ ^ ^ d^F dJ'F d^F 
dx^' di^^ dz^ * dydz* dzdx* dxdy* 

respectively. With this notation the above expression becomes 

Pa;+ Fy4- W z 
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If we take the form of the equation in Art. 99, the length of 
the perpendicular is 

z—px — qy 

- t w 

101. As an example take the tangent plane at any point of 
an ellipsoid whose equation is 



i+i+i=i ".. (1). 



Here U=^. F=|, TF=%; 

a* i* c* ' 

and the equation of the tangent plane is 



{X' -x)^,+ {y'-y)f, + {/-z)^ = Q, 



or $4-t + $ = ^ + C + ^' = l (2). 



The equation of every plane can be expressed in the form ' 

W + /*y' + j/2' = j> (3), 

where p is the length, and X, ft, v are the direction cosines, of 
the perpendicular on it from the origin. 

If we suppose (2) identical with (3), we get 

a? ~ y -sr ""1' 
^ P ? 



or © = — = -£-=- — = V — ^ = Jar\^ + J> + c V. 

5 y f RTtZt 

a b 6 Va'"^i« c' 
And the equation of the tangent plane becomes 

5^' + M-y' + vi^ =Ja*\*+ by + <?i^ (4), 

a form which is often useful. 
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The length of the perpendicular on (2) £rom the origin 

1 



V'; 



$*h$ 



102. The equation of a paraboloid being 



hi"- (1). 

the equation of the tangent plane at {x, y, z) becomes 

or a —-^ .y —J ,z =x—-^—-Y- — — x, 

or ^.y'+^./ = a.' + a; (2). 

This can be put into another form, for comparing it with 

I I' 

p Ifi Tv 

or ^'^ X'y"="-2X' ''''"2X' 

and therefore iBrom (1), 

Ifi' + rv' ^ 2 1,1' + IV 

and the equation of the tangent plane becomes 

X» +fMy +VZ = ^ — (3). 

103. The normal to a surface at any point is the straight 
line drawn through that point perpendicular to the tangent 
plane. 

The equation of the tangent plane at (x, y, z) is 

, , V dF . / / . dF , f V dF ^ 
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and the equations of a straight line through the point (x, y, z) 
perpendicular to this plane are 

"^ = V""^ (^^- 

dx dy dz 

These are therefore the equations of the normal. 

The equations of the normal to an ellipsoid at the point 
(a;, y, z) are 

a^ {x -x) ^ V {y' ^y) ^ (? (z' --z) 
X y z ' 

If we take the equation of the suiiace to be 

the equation of the tangent plane is 

z'-'Z-p (a?' -a?) -J (/ -y) = 0, 
and the equations of the normal are therefore 

x'''X+p(z'^z) = Ol 

y'-y + q(z-z) = o]'- ^^^- 

104. The equation of the tangent plane to a surface 

F{x,y,z)=0 (1), 

at the point {x, y, z) is 

f , V dF f , . dF f , \ dF ^ 

If this plane pass through a point whose co-ordinates are 
% A 7, we have 

(«-)f+('3-5r)f+(7-^)f=0... (2). 

This relation is satisfied by the co-ordinates of all points, the 
tangent planes at which pass through a given point (a, /S, 7), 
It is the equation of a surface which by its intersection with (1) 
determines the points of contact of tangent planes to (1) drawn 
through (a, A 7). 

A. G. 8 
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105, We can shew that all these points of contact lie on a 
surface of the degree next below that of the original surface. 
For let F{x,y^ z) be of the j>*** degree, and let us assume 

F{x,y, z) =.i^ + 'iVi + ^M + ••• +Wa + ^1 + '2^o» 

where %^ u^^.,, denote the terms of thep**", (p — 1)***... degrees 
respectively. 

Then the points of contact are determined by (1) and (2), 
and the latter may be written 

dP ^dF dF^ dF dF dF 
dx dy dz" dx ^ dy dz ' 

But by a well-known theorem (see Todhunter's Diff. Calo, 
Chapter viii. Ex. 3), 



dF dF . dF ' f -X . . « . /ON 

But for all the points of contact we have 

F{x,y,z)^^\ 
therefore 0=pu_p + p«;^j + ... +pw2+jpUj4j)w^ (4). 

Subtracting (4) from (3) we get 

and equation (2) becomes 
dF r\dF , dF cs . / ^ i\ . i\ /cN 

Now -7- , -T- , -^ are of the (p — 1)*** degree, consequently 
(5) represents a surface of the (p — 1)^ degree. 
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If the original surface be of the second degree, all the points 
of contact lie in a plane. 

106. The equation of the tangent plane to an ellipsoid at 
the point (x, y, z) is 

If this pass through a point (a,/8, 7), we must have 

d^^ V^ (? ^^^' 

a relation which is satisfied by the co-ordinates of all the points 
of contact, and which is therefore the equation of the plane of 
contact. 

The plane (1) is called the polar plane of the point (a, ^, 7) 
with respect to the ellipsoid ; and (a, ^, 7) is called the pole of 
the plane (1). 

If all the points in which (1) cuts the ellipsoid be joined with 
(a, ^, 7) the joining lines will form a cone, and will all touch the 
ellipsoid, since each of them lies in the tangent plane at the 
point where it meets the surface. This cone is called an envelop- 
ing cone. 

Conversely, if at all points at which any plane cuts an 
ellipsoid, tangent planes be drawn, these planes will all meet in 
one point, which is the pole of the cutting plane. 

If a series of planes be drawn passing through a fixed point 
and cutting an ellipsoid, the poles of these planes will all lie in 
a fixed plane which is the polar of the fixed point. Let (a, ^, 7) 
be the fixed point, and (a?, y, z) the pole of any plane through 

(a, A 7). 

The equation of the polar of (a?, y, z) is 

a b c 
If this plane pass through (a, P, 7) we must have 

?^ . ^ . 75_. 

which shews that (a?, y, z) lies on the polar of (a, ^ 7). 

If a series of planes be drawn passing through two fixed 

8—2 
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points and therefore through a fixed straight line, the poles of 
these planes will all lie in each of two fixed planes which are 
the polar planes of the two fixed points, that is, they will all lie 
in a fixed straight line. 

Similar results hold for all the surfaces of the second degree. 

107. The equation of the enveloping cone can be found by 
a process similar to that adopted in Art. 34. The equations of 
any generating line can be written - 

^=y^='.:z^=r (1). 

and the equations of the curve of contact are 

Fix,y,z) = Q ■\ 

By substituting for x, y, z from (1) in the equations (2) 
their values a + ir, ^ + Twr, 7 + wr and eliminating r, we obtain a^ 
relation which Z, m, n must satisfy in order that the line (1) may 
pass through some point of the curve (2). 

c 

The equations (2) can be reduced to one equation of the^*^ 
degree, and one of the {p— 1)*^, and the result of substituting for 
Xy y, z from (1) will therefore be 

where A^ is a homogeneous function in Z, w, n of the "j^ 
degree, A^_^ and B^^ are homogeneous functions of the (jp — 1)*** 
degree, and so on. 

The equations (3) can therefore be expressed in the form 

a; [rvrf +J',_,(nrr^ + ...+^>r+J, = 0, 

where -4/, Aj^^, ... -4/, A^ ... B^_^, ... 5/, B^ are functions of 
7 

- , — , and the result of eliminating nr between them will be of 

the form 

I m 



(3). 



\^ n/ 
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and the equation of the cone is therefore 

108. In the case of an ellipsoid the equation of the plane of 
coatact is 

?^ + ^ + 2^»l=0 ...(1) 

and we have to substitute a+lr, /S + mr, y + nr, for a?, y, ^ in 
(1), and in the equation of the ellipsoid 

9 9 2 

a'^b*^?~ ^ ^' 

We thus get 

+ ^ + ff + ^-l = 

a c 

and substituting for r from (3) in (4) we obtain 

This is the relation which I, m, n must satisfy in order that 
the straight line 

I m n 

may pass through some point in the curve of intersection of (1) 
and (2). , 

The equation of the enveloping cone is obtained by substi- 
tuting x—a, y — ^, z — y tor l,m, n, and is therefore 



(4); 
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109. This equation can be obtained in another form by the 
aid of the foUowing proposition. 

Let 8^0 he the equation of any surface of the second de- 
gree^ and let ti = 0, t; = be the equations of two planes. Then 
the equation 

iSf4-Xw=0 (1), 

where X is some constant, will represent any surface of the 
second degree passing through the curves of intersection of ^ = 
with t* = and t; = 0. For if iS' = be the equation of any such 
surface, it is evident that 8 cannot assume any other form than 
A; (^ + \uv) consistently with the suppositions that it is of the 
second degree, and is satisfied by all values of x, y, z which 
make 8 and u vanish simultaneoiusly, and also by all values 
which make 8 and t; vanish. 

Again, if we suppose the plane t^ = to change its position 
so as to coincide with v = 0,the equation (1) represents any sur- 
face toiiching 8=0 along the curve in which the latter is cut by 
t; = 0, and becomes 

8 + \v'=0. 

Hence the equation 

represents any surface of the second degree touching the ellipsoid 
at all the points of contact of tangent planes through (a, /S, 7). 
If we take X such that (2) shall pass through (a, fi, y) it must 
represent the enveloping cone. Substituting a, 13, y for x, y, z, 
we get 

Whence the equation of the enveloping cone becomes 

This equation can of course be deduced from that of the last 
article. 
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110. If we suppose the point (a, /8, 7) to recede from the 
origin to an infinite distance, the cone will ultimately become a 
cylinder whose generating lines are parallel to the line joining 
('> A 7) with the origin. This is called an enveloping cylinder, 
and the equation of any such cylinder can be found from that 
of the cone, by putting a = X&, ^ = fiJe, 7 = vJc, where \, fi, v 
are the direction cosines of the generating lines, dividing by the 
highest power of k, and then making k infinite. The equation 
of the enveloping cylinder of an ellipsoid deduced in this man- 
ner from either of the equations in Arts. 108, 109 is 

111. The equation of the cylinder which envelopes a given 
surface 

F{x,y,z)^0 (1) 

can however be obtained independently of the enveloping cone. 

For let X, ft, v be the direction cosines of one of the gene- 
rating lines ; x^y^z the co-ordinates of the point where it 
touches (1). Then since this generating line of the cylinder is 
a tangent line to (1) at (a?, y, z), we must have 

^ dF . dF dF -, ,^» 

'^^+'*^+''^=^ (2>- 

This equation combined with (1) gives the locus of the points 
at which the enveloping cylinder touches the surface, and we 
have only to find the equation of a cylinder with its generating 
lines in a given direction, and passing through the curve given 
by (1) and (2), which can be done as in Art. 35. 

If X, y, z be the co-ordinates of any point in the generating 
line which touches (1) at the point (a;, y, z), we have 

X —x v' — V z " z J 

— r — = - — - = = — A; suppose, 

or aj = a;' + X^, y = y' + At^> z = z*-Vvk. 

Substituting these values of x,i/,zm the equations (1) and 
(2), and eliminating k between the two equations, we get a rela- 
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tion between a?', y\ z' which is the equation of the enveloping 
cylinder. 

112. In the case of the ellipsoid, the curve of contact is 
determined by the equations 

a*^ b* '^ d'~ ' 
Putting x' + '\k, y' + fJe, z' + vk for ar, y, z we get 

Substituting for k from the second in the first we get 

the same equation as we obtained in Article 110. 

113. Let the equation of a surface be given in the form 

^(a,/S,7,8)=0 (1), 

where a, ^, 7, S are the lengths of the perpendiculars from any 
point on the four faces of a tetrahedron, and let any straight line 
be drawn through the point (a, ^, 7, S). Then if a', /8', 7', S' 
be the values of a, ^, 7, S for any other point in the line we 
shall have 

<i:;^=?jzl='jLzy Jlrl^Tc (2), 

I m n q 

where ?, m, n, q are the cosines of the angles between the line 
and the perpendiculars on the four faces of the tetrahedron, and 
h is the distance between the two points. 

We obtain the value of k for the points where the line (2) 
meets (1) from the equation 

^(a+ZJfc, l3-\-mJc, y-\-nk, B + qk) = 0, 
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or 



♦ (a,Ar,8)+*(<t+«g+«f+st) 



+ ^Ai' + 5A;»+... = (3). 

This equation gives as many values of A; as the degree of 
the equation (1). 

Since (a, 13, y, S) is a point on (1), <f> {a, fi, y, S) vanishes, 
and one value of k is zero, Jf I, m, n, q he restricted by the 
relation 

two values of k vanish, and the line (2) is a tangent line to (1) 
at (a, 13, 7, S). Hence eliminating I, m, n, q by means of (2) 
the equation of the locus of the tangent lines at (a, j3, y, S) is 

or 

But the expression ^ {a, 13, y, S) may be supposed homo- 
geneous, since if it be not, it can be made so by means of the 
relation given in Art. 26; and if it be of the p^ degree, we have 
by a well-known formula 

since the point is on the surface (1). Hence the equation of 
the tangent plane at (a, 13, y, 8) becomes 



EXAMPLES. CHAPTER VIII. 

1, Find the locus of the point of intersection of three 
tangent planes to an ellipsoid which are mutually at right 
angles. 
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2. Find the locus of a point which moves so that the locus 
of the centre of the section of an ellipsoid by its polar plane 
with respect to that ellipsoid is a similar and similarly situated 
ellipsoid whose axes are each half of the corresponding axis of 
the original ellipsoid, 

3. Shew that the polar equation of the locus of the foot 
of the perpendicular from the origin on the tangent plane to an 
ellipsoid is 

r^ = a^ sin* ^ cos" ^ + V sin* sin*^ + c* cos* 0. 

4. Find the equation of the locus of the foot of the per- 
pendicular from a point (a, fi, 7) on the tangent planes of the 
ellipsoid 

a*"^i*"^c*"-^* 

5. Find the equation of the locus of the poles of all tangent 
planes of the ellipsoid 



.2 " xa ' ^a ■*• 



with respect to a sphere whose centre is at the point (a, 13, 7) 
and whose radius is k, 

6. Shew that in general six normals can be drawn through 
a given point to an ellipsoid, and that these six all lie on a cone 
of the second degree, three of whose generating lines are parallel 
to the axes of the ellipsoid. 

7. If normals be drawn to an ellipsoid 

2 a a 

a*^6*^c* 

at the points where it is cut by the cone 

I m n ^ 
- + -+- = 0, 
X y z 

prove that these normals all pass through a diameter of the 
ellipsoid. 
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8. An enveloping cone is drawn to an ellipsoid, and one of 
its principal axes is fixed in direction. Shew that its vertex 
always lies in the intersection of the plane 

I ^ ^ m^ ' n^ ' 

with the surface 



(Zaj-f-my+n^s) 



((^F-S)(?-^?->)-(^?-?)} 



a 6 c 



where Z, m, n are the direction cosines of the given axis referred 
to the principal axes of the ellipsoid. 

9. If a sphere be inscribed in a cone, and touched by a 
plane making a section of that cone, the distance of any point 
of the section from the point of contact shall have a constant 
ratio to its distance from a given fixed straight line. 

10. From a point a perpendicular OF is dropped on the 
polar plane of with respect to an ellipsoid, and with vertex P 
a cone is described enveloping the ellipsoid ; shew that PO is 
a principal axis of the cone. 

11. Find the locus of a luminous point, in order that the 
boundary of the shadow of an ellipsoid cast by it upon a given 
principal plane may be circular. 

12. Prove that the right circular cylinders described about 
the ellipsoid 

6 being the mean semi-axis, are represented by the equation 
(5«-c')a?^-(c'-a')y»+(a*-J«)«*±2(a»-J«)*(J"-c*)i;3x=(a*-c')J". 

13. The shadow of a ball is cast by a candle on an in- 
clined plane in contact with the ball; prove that as the candle 
bums down, the locus of the centre of the shadow is a straight 
line. 
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14. Find the equation of the tangent plane to the sur- 
face 

xyz = a?, 

and the volume cut off by this plane from the axes. 

15. Find the equation of the tangent plane at any point of 
the surfa<5e 

« + y + ^* = or. 

Find also the length of the perpendicular on it from the 
origin, and the area of the triangle intercepted on the tangent 
plane by the co-ordinate planes. Shew that the sum of the 
squares of the intercepts on the axes of co-ordinates is constant. 

16. Find the equation of the enveloping cone of the sur- 
face -By* + Gs? = X, whose vertex is at a point (a, ^, 7). 

17. Find the length of the normal at any point of an 
ellipsoid cut off by the plane of xy. Find also the co-ordinates 
of its point of intersection with the plane of xy, 

18. Find the equations of the normal at any point of the 
surface 

Find the locus of the points in which the normals to the 
surface drawn at all points of its intersection with the plane 
a? = a cut the plane of yz. 

19. Shew that the points on the surface 

xyz = c* 

at which the normals intersect a fixed line 

a? — a__y — y8_« — 7 
I " m n 

all lie on the surface 

(XX {rny — nz) -\' Py {nz — he) -{-yz {Ix — my) = x* {my — nz) 

+ y^ [nz — Ix) -f- js' (£b — my), 

20. Find the locus of the point of intersection of three 
tangent planes to a paraboloid which are mutually at right 
angles. 
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21. Find the equation of a surface of the second degree 
which passes through all the points of contact of tangent planes 
drawn through an external point (a, 13, y) to the surface 

x^ + y^ + z^-Sxyz = c\ 

and discuss its nature for different positions of (a, 13, 7). 

22. POP' is drawn through the centre of a hyperboloid of 
one sheet to meet the surface in P and P\ A tangent plane 
is drawn at P, and the normal at P' intersects it in Q, Find the 
equation of the locus of Q. 

23; Find the equation of the locus of the foot of the per- 
pendicular from the origin on the tangent planes of the surface 

24. A cone whose veiiex is any point of the hyperbola 



* "' A» h* ^' 



envelopes the ellipsoid 



/ji •.* ji 
^. + j« + ^ 1, 



of which a and c are the greatest and least axes respectively ; 
h and k satisfy the relation 

Shew that the directrices of all the sections of the ellipsoid 
made by the planes of contact lie in one or other of two fixed 
planes parallel to the plane of yz. 

25. Shew that the plane 

Ix + my + nz = 
will touch the cone 

Ax' + By'+Cz'^O 
if I, m, n satisfy the condition 



CHAPTER IX. 

OK CtmVES IN SPACE. 



114 We have seen (Art. 16) that any two equations 

F, (a:, y,z) = 
F, 



^1 (.^> y, 2) = 1 ., V 



since they are satisfied by the co-ordinates of all the points of 
intersection of the surfaces represented by each equation, will in 
general represent a curve. 

These equations can be reduced to the form 

y =/.(-) I ^^^' 

by eliminating y and z in turn between the two equations (1). 
It may be noticed that the two equations (2) will in some cases 
represent a curve not included in (1). For instance, if the two 
equations (1) were of the first and second degrees respectively, 
by eliminating y and z in turn we should get two equations of 
the second degree, and the first two equations would represent 
one plane curve, while the second pair would represent the 
original curve, and another plane curve besides. (See Art. 95.) 

Assuming a? to be any arbitrary function of a new variable t, 
the equations (2) can be replaced by the three 

x^4>($ly^'^{t),z^X^*) (3)- 

This third form possesses many advantages from its sym- 
metrical character, and we shall in general use it. 
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115. As an example the pair of equations 

Ax + By + Cz=D 
A'x+B'y+C'z^iy} 

represent a straight line. 

Eliminating y and z in turn we get the two equations 



(1) 



»= 



A'B-AF ffD-BD" 



BO-BG 

G'A - CA' 



/» + 



r/« + 



BC-BC 
CD' -CD 



(2), 



y~ BO-BG' "'^ BG- BO' 
•which correspond to the form (2) in the last Article. 

Lastly, assuming x— {BG—BG') t, we get 
x = {SG- BG') t, y={G'A - OA') t + ^^_^g 

z=[A'B-AB)t + ^^, 
which correspond to the form (3) in the last Article. 



• • • 



(3). 



116. The curves of most frequent occurrence and greatest 
importance are plane curves, the discussion of which properly 
belongs to plane geometry. As an instance of a curve not plane 
we may take the helix. 

This is the curve formed by the thread of a screw. It may 
be produced by wrapping a right-angled triangle round a circu- 
lar cylinder, the base of the triangle being at right angles to the 
axis of the cylinder. 

Take the axis of the cylinder as axis of z, a plane through 
the base of the triangle as plane of a?y, and a line through the 
acute angle at the base of the triangle as axis of x- 

Let be the origin ; x^y.z the co-ordinates of any point P 
in the curve, a the radius of the cylinder, Q the angle A OM 
between the axis of x and OJf the projection of OP on the plane 
of xy, and a the acute angle at the base of the triangle. We 
obtain without difficulty. 
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x=ON= OMcoa0 = aco80, 
y — MN^ Oitf'sin5=asin^, 
z = Pif = arc AMx tan a = a0 tan a. 



z 




Whence 



or if ataiia = c, 
x=acos0, y = asm0, z = c0 



z . z 

x = a cos - , V = « sin - 



(1). 
(2). 



Either (1) or (2) may be considered as the equations of the 
helix. 



117. The limiting position of the straight line joining two 
points of a curve when the second point moves up indefinitely 
near to the first, is called the tangent to the curve at that point. 

Let the equations of the curve be 

« = ^(<). y=^(0, «=x(0 (1), 

and let t and t + rhe the values of t for two points on the curve. 
The equations of the straight line- joining these are 

x'-<l>it) ^ y'-^{t) ^ z'-x{t) 

<l>{t + T)-<f>{t} ^{f + T)-^{t) X(< + '-)-X(«)' 
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x', y', z' being current co-ordinates ; 

x'-i>{t) y'-^{t) z'- X (t) . 

<t>{t+T)-<f>{t) ^(f+T)-t(Q x(*+r)-x{ty 

T T T 

But when T is diminished indefinitely the two points coincide 
and the straight line joining them becomes the tangent at (x,y,z). 

Also the limit of — — '^ — £-^ is d> (t) or -r- , and similarly for 

T . ^ ' at 

the other denominators. 

Hence the equations of the tangent at {x, y, z) are 

i^^i^^izL (2). 

ojx ay az 

dt dt dt 

118. The length of the chord joining two points (x, y, z) 



J{x,^xY+{y,^yY+{z,--z)\ 

■i 

But by Newton (Section I. Lemma vil) when the two points 
approach indefinitely near to each other, the ratio of the arc to 
the chord becomes ultimately a ratio of equality. Hence if s 
and 5 + & be the lengths of the arcs measured from some fixed 
point up to the points (x, y, z), (Xj, y^, « J respectively, the fraction 



J(x,^xf+(y,''yy+{z,^zY 
becomes ultimately equal to unity, or 

■■■&Hihm^®' «• 



A. Q. 
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From this result we see that the cosine of the angle which, 
the tangent at {x, y, z) makes with the axis of x, which by 
Art. 17 is 

dx ' 
dt 

dx 

dt dx 
is equal to IT ^^ d^' 

dt 
And similarly, the cosines of the angles which the tangent makes 
with the axes of y and are -p and -r- respectively. 

^ j the equation (1) reduces to the form 

•■■ ©■-(!)■- (S)'-> '-f^)-. 

119. Any straight line through the point {x, y, z) perpen- 
dicular to the tangent is called a normal line. AH such lines lie 
in a plane through (x, y, z) perpendicular to the tangent, which 
is called the normai pkme. Its equation is at once seen to be 

(-'-»)§+V-»)S+C/-.)|-o. 

120. It is always possible to draw a plane through any three 
points of a curve. The limiting position of this plane when two 
of the points move up indefinitely near to the third is called the 
osculating pkme at that point. 

Let the equations of the curve be 

w = 4>{t\ ^ = ^(t), z^xi*)'". • (1), 

and let ^, ^ + t, ^ + 2t be the values of t corresponding to three 
points on the cmTe. Let the equation of any plane be 

Ax'-vBif-^-Cz'^D ;.... (2). 
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If this plane pass through the three points ^, * + t, « + 2t, 
we have 

A4>{t) + B^{t)^0x{t)^D (3), 

A4>(f-\'T)-vB^{t-VT)^Cx{t + r)=^D (4), 

A4»{t^^2T)^-B^^r{t^\■2T) + Gx{t'\■if) = D (5). 

Subtracting the first of these equations from the second we 
have 

^ {«^ (« + t) - 4>(t)] + 5 {^ («+t) » t (*)} +0{x («+t) - X it)} = 0. 
Or, dividing by t, 

T T T ' 

Subtracting twice the second from the sum of the first and 
third and dividing by t*, we get 

^ fy X(t+^-r)-^Xit + r) + Xit) -Q^ 

But if we make the three points coincide, r vanishes, and 
these two equations become (Todhunter's Diff. Gale. Art. 127) 

oc iit dt 

dy dPz dz dPy dz d?x dx cPz dx d!'y dy iPx' 
H'W~dt~d^ dide'lR'^ dt W~'^ W 

And subtracting (3) from (2) we have 

A(af-x) + B(jf'-y)+C {z'-z) = 0. 

Whence tbe equation of the osouUting plane at the point 
{x, y, z) becomes 

^'^ '"' \dt de dt dfi^ ^ ^' [dt df dt de] 



+ ^^ '^dt df dt W}-^- 



9—2 
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121. The osculating plane is sometimes defined as the plane 
which lies closer to a curve at a given point than any other 
plane^ and its equation is obtained in the following manner. 

Let ^(aj'-a?)+5(2/'-.y) + C^(«'-«) = (1) 

be the equation of any plane through {x, y, z). The perpen- 
dicular on this from a point (aj^, y^, z^ is 

A{x,--x) + B{y,^y) + C{z,^z) 
J A' + > + C 

But if (a?p y^, » J be a point on the curve corresponding to 
a valuei + Tof ^, 

dx , T^iPx 

*'="'+'■ 5? ■*'i2^+ 

, dv . T^d^y . 

y'=y+^i+i2i+ 

Hence the length of the perpendicular becomes 

JA' + B' + C* 

And when t is diminished indefinitely, the succeeding terms 
are very small compared with the first and second, and the 
smallest value which this fraction can assume will be when 
A, B, are determined by the equations 

whence we obtain the same result as in the last Article. 

122. All straight lines drawn through the point (x, y, z) 
perpendicular to the tangent at that point are normals. That 
normal which lies in the osculating plane may be considered as 
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the normal drawn in the plane of the curve, and is called the 
principal normal The equations of the normal plane and the 
osculating plane considered as simultaneous are the equations of 
this line. These are 

. / » \ {dx d^y dy d^x\ ^ 

If we put these equations in the form 

x' — x ^ j/j-y ^z* --z 

the value of P is 

dy {dx d^y dy d^x) ^ dz (dz d^x dx d^z) 
'd^Xd^W'^di'^j^XdiW^'^di'] 

^ dt\dt df^dt df] de[\dt) "^Wr 

But by Art. 118 

therefore differentiating, 

da d^s _dx d^x dy ^y dz ^ 
dtde'"^dedt W^ Jt 'M • 

^ ^^dxidsd^s ^^1 ^\i^ ^(^\ 
Hence ^- ^ |^^ ^^ - ^^ ^^| ^^ ^^^^ \^^J | 

_ ds {dx d^8 __ds cPx) ^ 
''ai\di^''dtdf]' 

and similar values may be foimd for Q and B. Hence the 
equations of the principal normal are 

ds d^x d's dx ds cP'y (£*8 dy ds (rf^__c^ rff ' 
di~de de~dt Jt de de dt dt df df dt 
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which may be written in either of the forms 

x' — x y — y ^ " ^ /ix 

^ l^ ^ \ {^ ^ £ (^\ 

dAds) dtKds) dAds) 



df d^ di? 

123. The equations (2) of the last article can also be 
obtained as follows. 

If \ fi, V, \\ fi, V be the direction-cosines of two straight 
lines, the direction-cosines of the two straight lines which bisect 
the angles between them are proportional to \ + V, /a + /i', v-Vv 
and \ — X', fi — fi'i V — v\ 

For planes through the origm perpendicular to the two 
given straight lines have for their equations 

'\x-\- Ity-k-vz^^ (1) 

and \'aj + /iy + i/'« = (2) respectively. 

By Art. 26 the equations of two planes which bisect the two 
angles between (1) and (2) are 

(\ + V) «? + (m + /^') y + (^ + v') « = ^> 

And the direction-cosmes of the normals to these planes, which 
are evidently parallel to the bisectors of the angles between 
the two original straight lines, are proportional to \ +\', /a + /a', 
v-)rv and X*- V, /a — /i', v^v respectively. 

If ?, 7w, n be the actual values of the direction-cosines of the 
latter line, we have 

— — =^ — (\ — X ) cosec 5 , 

V2-2cos^ 2^ ^ r 

if be the angle between the two straight lines. 
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124. Let now X, fi,vhe the direction-cosines of the tangent 
to a curve 'at the point x, y, z, and V,./^', v' their values at an 
adjacent point on the curve distant Bs from the former. Then 
ultimately if the two points be made to approach indefinitely 
near to each other and coincide, of the two bisectors considered 
in the last article, the one will coincide with either tangent, and 
the other will be the principal normal. The former will 
evidently have its direction-cosines proportional to \-f\', fi + fi, 
v + v', and the latter must have its direction-cosines proportional 
to \ — V, /i — fi, v — v\ 

But V = \ + -j- &+ terms involving (&)* 

/*'=^+f&+...: 

p =|;-|--— §5+ 

(IS 

Hence the direction-cosines of the principal normal are 

,. , , dX, ^ dii ^ dv ^ , dX, da dv -, 

proportional to -j- &, T^ ^*' TT^* or to -j-, -f, -^, and 

putting for \, /i, v their values -^, ;/ > ;ir the equations of 

the principal normal become as before 

X —x _ y' —y z' -^z 
d^x d?y " cPz 
W WW 

125. If the curve be a plane curve, the equation of the 
osculating plane must reduce to the equation of the plane in 
which the curve lies. Hence the ratios 

f dy ^ _ ^ cPy\ /dz d^x dx d^z\ fdx ^ _ dy {?a:\ 
Kdide^dtW) ' \diWdtW) ' \dtWdiW) 

must be constant for all points on the curve. 

We may therefore assume 

dy^ dz d^y 

di df dt w^^ ^^^' 
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dz c?aj dx ^ _ 



dx cPy dy d^x __ 
dt dv dt df 



w 



(2), 
(3), 



where \ fi, v are constants, and v some function of t. 

Eliminating X, ja and v from (1) and (2) by differentiating, 
we get 



fdz d^x ^ dx d^z\ (dy d?z ^ dz d^y\ 
\di'de''TtW)\di WdiW) 



^ fdy d^z dz d^y\ {dz ^x ^ dx d^z \ __ ^ 

^\dt Wdt W)\di'de''dide)''' 



dz 



or reducing and dividing by -^ , 



d^x /dy ^^^dz d^y\ d?y fdz ^x^ ^ ^ d^z \ 
dexHWdi W)^~de\dt If^'dt w) 



d^z /dx ^y _ dy dfx \ _ 
'^df \dt~de It dej^^' 



which may be written 



dx 
di' 

df 

de' 



dy 
Tt' 

df 



dz 
di 

de 
de 



= 



(4). 



The symmetry of this relation shews that we should get the 
same result by eliminating fi, v and v from equations (2) and (3). 

This relation may be also obtained from Art. 121, since 
if the curve lie in the plane (1), the perpendicular on this plane 
from any point in the curve must vanish. We must therefore 
have 
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whence the relation (4) follows. We must also have 

-^ de^^ de^^ de^^^' 

for all values of n. But this will be the case if equation (4) 
is satisfied for all points in the curve^ as may be seen by 
differentiating. 

126. If a curve he drawn on-u given surface such that the 
inclination of its tangent to a given fixed plane is always greater 
than that of any other tangent line to the surface at the same 
pointy the curve is called a line of greatest slope to the given 
plane. 

Let F{x,y,z) = (1) 

be the equation of the given surface^ and let 

Ax + By+Cz=:^D (2) 

be the equation of the given plane. 

The direction-cosines of the tangent line to the curve at any 

. ^ , V dx dy dz 

point («r,y,^) are ^, ■^, ^. 

The equation of the tangent plane to (1) at {x, y, z) is 
, , . dF , , , . dF , , V dF ^ 

and the direction-cosines of the line of intersection of this plane 
with the plane (2) are proportional to 

^dF^^dF (jdF^^dF jdF^^dF 
dz dy' dx dz ' dy dx' 

and it is evident that the tangent line to the curve of greatest 
slope must be perpendicular to the intersection of the tangent 
plane with the plane (2), whence we get 

ds\ dz dy) ds\ dx dz) ds\ dy dx) *•• w- 
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The integral of this equation United with (1) gives the curves 
required. The integration wiU introduce one arbitrary constant 
which is determined if one point on the curve be known* Hence, 
a line of.greatest slope can be drawn through any point on the 
surface. 

If the given plane be the plane of aiy, -4 = 0, S = 0, and the 
equation (3) becomes 

dx ds dy da ' 

f^_f^O (4). . 

dx ax ay ^ ' 

As an example of the last case take the equation of the 
ellipsoid 

-. + 1 + ^=1 -(6). 

Equation (4) becomes 

X dy y__ 
'^ dx 6'""' 

/. "8 log y — ^ logic =s constant; 

.\y — mx^* (iS). 

This equation united with (5) gives the lines of greatest 
slope. If a = 6, (6) becomes 

y^mxy 

so that in the case of a spheroid the meridians are the lines of 
greatest slope. 

127. We shall devote the remainder of this Chapter to the 
discussion of the curvature of curves in space. This is of two 
kinds, the first being the curvature of the curve considered as 
lying in its osculating plane, and the second, the curvature by 
which it leaves the osculating plane, which is called the curva- 
ture of torsion. On this account curves in space are called 
curves of double curvature. 
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Before proceeding to the formulEG relating to the two kinda 
of curvature at any point of a curve Bome geometrical explana- 
tions and definitions muat be given. 

Let PQ, QS, M8, 8T, ... be a seri^ of lines of equal 




lei^th, which when their length is diminished indefinitely 
become ultimately small portions of a continuous curve. Let 
p,q.r,s ...he their middle points. 

Through y let a plane be drawn perpendicular to PQ and 
through q^,r,s ... planes perpendicular to Qfl.flS, ST,. "respec- 
tively. These wiU ultimately bo normal planes to the curve at 
consecutive points. Let the planes through p, q intersect in a 
line AE, and the planes through j, r in a line BF which cuts 
AB in some point A, and so on. 

Let the plane which passes through P, Q, M meet AB in 0^, 
and the plane through Q, R, S meet BF in 0^ It is evident 
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that the point 0^ is equidistant from Py Q and JS, and a circle 
with centre 0^ and radius O^P will pass through Q and JJ. This 
circle will ultimately pass through three consecutive points of 
the curve, and lies in the plane PQBO^, which is ultimately the 
osculating plane at Q. Hence it is the circle of curvature of the 
curve considered as a plane curve lying in the osculating plane. 
It is called the circle of absolute or circular curvaiure, and the 
point Oj is called the centre of absolute or drcidar owrvaJture. 

Again^ all points in the straight line AE are equidistant 
from the three points P, Q and R, All points in the straight 
line BF are equidistant from Q, R and B, Hence the point -4, 
where AE and BF meet, is equidistant from the four points 
P, Qy By and 8, and a sphere with centre A and radius AP 
will ultimately pass through four consecutive points of the 
curve. The point A is called the centre of spherical curvature, 
and the length AP the radius of spherical curvature. 

The lines AE, BF, GG ... ultimately generate a surface 
which is touched by the normal planes of the curve, and the 
ultimate intersections of these lines produce a curve which is 
called the edge of regression of this surface. 

128. The locus of the centres of absolute curvature is not 
an evolute, but an infinite number of evolutes can be drawn on 
the surface generated by the lines AE, BF,., . For let 0^ be any 
point in AE, and lei pO^, qO^ be joined and gO^ be produced 
to meet BFm. u\ join ru and produce it to meet GG in v ; join 
^ and produce it to meet DHm w, and so on. We have 

.'. uO^'{' Oj> = vq, 
vu'\-u0^+ O^p = vu + u>q = vu + ur = vr, 



Hence if a string be laid along the curve twuO^ and its end 
be at p, as it is unwrapped this extremity will pass through 
qrst... and describe ultimately the original curve. 

An evolute can thus be found passing through any point of 
any one of the lines AE, BF . . . 
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129. The centre of absolute curvature may be defined as 
the point where the line of intersection of two consecutive 
normal planes meets the osculating plane. 

Let the equation of the normal .plane at a point (a?, y, z) be 
denoted by 

F{t) = (1). 

Any other normal plane can be represented by 

^W = (2), 

where t, is the corresponding value of t 
When (1) and (2) meet, we have 

or — ^ — -—-^ = 0. 
t^ — t 

And this latter equation when t^—tia indefinitely diminished 
becomes 

f=» • p)- 

Hence the line of intersection of two consecutive normal planes 
is given by the two equations 

Fit) = 0, f =0. 
But i.(0 = («'-.)|+(y'-3,)| + (.'-.)g, 



dF ,, .ePx^,, .d^y , , , .d'z /da!\' /dyV /dzV 

Hence the line of intersection of two consecutive normal 
planes is given by 

(^-«)|+(^_y)|+(/.,)| = (4), 

»d (.■-.)^+tf-,)g+(/-.)5>(*)' (5). 
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The point where this line meets the osculating plane is given 
by (4) and (5) united with 



^^ ^^\dt de dt de) 

, , . (dz d^x dx d?z\ 

From (4) and (6) we obtain, as in Art. 122, 

x' — x y — y _ z —z ,^ 

d^x da dx d^s'^ d^y da dy cPs d^z da dz d^a ^ '* 

dF di'^diW '^ Jt^didF d? dt^HW 

and by equation (5) each of these fractions is equal to 




\\df) '^[dej '^\de)]dt'^dt\dej 



da 
dt 






(8). 



Also each of them is equal to 
/ /ePx ds dx cFaV (dPy da dy d^s"^ /d*g ds dz c^* 

V \de dt Tt w) ^\de dt'Ude) ^ Ks? M M d^j 



where p is the radius of absolute curvature. 
Hence 
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or if « be taken (ts independent variable. 

Equation (9) or (10) gives p, and equations (7) and (8) give 
^\ y\ ^ the co-ordinates of the centre of absolute curvature. 

130. The results of the last article can be obtained by 
means of the formulse proved in Article 123. . 

For if & be the arc between two points of a curve, the 
angle between the tangents at those points, and \iti^v\ V, y!^ v* 
the direction-cosines of those tangents, we have 

p = limit-g-, 

where & is indefinitely diminished. 

Also if Z, w, ri be the direction-cosines of the principal normal, 

we have 

1 

Z = limit of ^ (\ -* V) cosec ^ 

Similarly m =^g = pg 

dv d^z 

But also by Art. 6 if x', y, z be the co-ordinates of the 
centre of absolute curvature, 

t J 2 d X 

X-X=lp = p-^, 

whence squaring and adding and dividing by p\ we get 
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131. To find the centre and radius of spherical Gwrva- 
ture. 

The centre of spherical curvature is the point in which three 
consecutive normal planes intersect. 

If jP(^) = be the equation of any normal plane, the line 
of intersection of this with the consecutive plane is given by 

^<0 = 0, andjP'(*) = (1). 

And if F{t^ = 0, F' {t^ = be the equations of any other 
line of intersection of consecutive normal planes, at the point 
of intersection of these two lines, 

F\t:)-F'(f) ^^ (2j 

And ultimately when t=^t^ the four equations give 

and from (2) 

i^"(0 = (3). 

But 



^"(0=(x-«)g+(r-,)§H2-.)§-3|g=« 



• ••••• \^j ■ 



These equations determine X—x, Y—y^Z—z, where X, Y,Z 
are the co-ordinates of the centre of spherical curvature. We 
get from them 



[dt j \dt df Tt df)'^ dt de \dt df dt dfj 



dx dy d[z 

dt* ' dt dt 

^x d^y ^z 

df' df W 

c^x d^y (Pz 

df df df 



... (4) 
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and similar values for F— y, Z^z. The radius of spherical 
curvature 5, which 



=7(Z-»)»+(F-y)«+(Z-«)«, 
is then known. 

132. To find the angle and radius of torsion at any point 
of a carve. 

The angle of torsion (Se) is the angle between two con- 
secutive osculating planes. 

Let X, /L6, V be the direction-cosines of the normal to one 
osculating plane ; then those of the normal to the osculating 
plane corresponding to the value ^ + t of the. independent 
variable will be 

(2X d^ dv 

And the sine of the angle between these lines is (Art 8) 
// dv diA\* . / dK 7dvV~7rdii dX^ 

But 

^-ifdz d}x dx JPz\ _ . (dx d}y dy d^x\ 

^"'^[Ttde^dtdeJ' ^^'^[di df dtdeJ' 

, l_fdy^ dz dW ,fdz^ dx d^ 
where jf-\^ ^ dt de) '^\dt de^ dt de) 

fdx ^y ^ dy d^xV 

'^\dt W di de) ' 

dp ^ dfi ^jj^ fdz d^x ^ dx d*z\ fdx d^y dy d*x\ 

'^'^di''^di''\di le^di de)\di W^di 'WJ 

_ z.« (^ ^^ _ ^ ^*^\ (^ ^ _ ^ ^^\ 

\dtW n dij\di'de'"di dej' 

A. O. 10 



lu 
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7 J da? 

^di' 



dx * dy dz 
dt' dt' dt 

d*x d^y d\ 

W' df le 

d^x d^y d^z 

df w 'die 



(1). 



Whence the sine of the angle of torsion becomes equal to 



Ft 



ds 



dx 
di 



dy 
dt 



dz 
dt 



d^x d^ d^z 

df ' df ' df 

d^x cPy d^z 

dt ' dt ' df 



(2), 



and the radius of torsion p^ which is equal to the limit of the 
small element of arc is divided by the angle of torsion is given 
by the equation 



1=^ 



dx dy dz 

dt' dt' dt 

d^x d^y d^z 

dF' de' de 

d^x d^y d^z 

W dt' dt 



(3). 



133. It may be noticed that both the radius of spherical 
curvature and the radius of torsion become infinite if 



dx 
dt' 


dy 
dt' 


dz 

dt 


d'x 


d'y 


d'z 


de' 


rf«" 


de 


d'x 


^y 


d'z 


de' 


de' 


de 



= 0. 



This is in fact the oondition that four consecutive points of 
the curve should lie in one plane (see Art* 125). 
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_ /dx dPx dy d^ dz d'z\* 

\dt de'^dt de'^di de) 



fds\*(/d^\* /d^yV fd^V /^N') 

[dtj \w) ■•" \de) "•■ [dtv \df) I 

©■ 



(!)> 



p 

where p is the radius of absolute curvature. 

Hence if we denote the above determinant by the symbol A 
we have 

t^ (^)- 



■■ (S) 



EXAMPLES. CHAPTER IX. 

1. Find the equations of the osculating plane at any point 
of the curves 

(1) x = acosd, y — bsmd, z = c0. 

(2) a? + y^ — ry — 0, :^->cry = r^. 

Find also the length of the arc of (1) between two points 
whose co-ordinates are given. 

2. The equations of a curve of double curvature being 
given, find the equation of the surface formed by making it 
revolve round the axis of z. 

Ex. x^a cos d, y = a sin d, 2 = cO. 

3. A helix joins two points, the distance between which 
is J, the angle between the tangent lines and the axis of the 
generating cylinder being a given angle a ; prove that if the 

10—2 
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length of the helix is a maximum, the helix has a constant 
length, and that the radius of the generating circle is —5 , 

where w is a positive integer. 

4. A curve is traced on a right circular cylinder of radius a, 
such that if the cylinder were unrolled into a plane the curve 
would become a catenary whose axis formed one of the gene- 
rating lines, and directrix the base, of the cylinder. Shew that 

p, pj being the radii of absolute curvature and torsion, y the 
ordinate, 8 the arc measured from the vertex, and c the constant 
of the catenary. 

6. Find the equation of the osculating plane at any point 
of the curve given by the equations 

x-^-y + z — l, 

6. Find the equations of a curve traced on a sphere so as 
to cut all the great circles passing through a fixed point at the 
same angle. 

7. Find the equations of the lines of greatest slope to the 
plane of xy on the surfaces 

(1) ayz = a\ 

(2) « = aj + ^log-— r^. 

8. Shew geometrically and analytically that if a sphere be 
described concentric with a given ellipsoid, the tangent line to 
the curve of intersection of the sphere and ellipsoid is parallel 
to one of the principal axes of the central section of the ellipsoid 
which passes through that tangent line. 

9. Find the equations of a curve traced on a sphere, such 
that the sum of the arcs of great circles joining any point on it 
with two fixed points on the sphere, the arc joining which is a 
quadrant, is constant. 
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10. Find the equations of a curve traced on a sphere by a 
point which moves with constant velocity along the arc of a 
great circle while the great circle revolves with constant velocity 
round a fixed diameter. 

11. A point moves on an ellipsoid so that its direction of 
motion always passes through the perpendicular from the origin 
on the tangent plane to the ellipsoid at that point. Shew that 
the curve traced out by the point is given by the intersection of 
the ellipsoid with the surface 

^m-» yH-i ^i-m _. constant, 

Iffn^n being inversely proportional to the squares of the axes 
of the eUipsoid. 

12. Find the equation of a curve traced on a right cone 
which cuts all the generating lines at a constant angle. 

Find the length of the curve measured from the vertex. 

13. Find the values of the radii of absolute and spherical 
curvature at any point of a helix. 

14. Find the locus of the centres of spherical curvature of 
a helix. 

15. If, at any point of a curve, equal lengths Ss be measured 
along the curve and its circle of curvature, the distance between 
the extremities of these lengths is ultimately equal to 



6pV p'^aKdsJ ' 



p being the radius of curvature and <r the radius of torsion at 
the point. 

16. Shew that the normal plane at any point to the locus 
of the centres of circular curvature of any curve bisects the 
radius of spherical curvature at the corresponding point of the 
original curve. 

17. If a curve be drawn on a right circular cone cutting 
all the generating lines at a constant angle )8, shew that the 
radius of absolute curvature at any point is to the corresponding 
radius of curvature when the cone is developed in the ratio of 

sin a to Vsin* a cos* /3 + sin* fi 
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134. Let the equation of any surface be 

F{x,y,z,a)^0 (1), 

where a is a constant. If a be changed to a' we obtain the 
equation of another surface 

i^(aj,y,«,a) = (2), 

differing from (1) in magnitude or position or both, but of the 
same general nature. 

These two equations will both be satisfied by the co-ordi- 
nates of all points in the curve of intersection of the two surfaces, 
and if we suppose the value of a' to approach indefinitely near 
to that of a> this curve of intersection approaches some limiting 
position. The locus of all such limiting positions for different 
values of a is a surface which is called the envelope of the 
surface (1). Its equation can be found in the following manner. 

At all points few: which (1) and (2) are satisfied, we have 

i^(ar,y,«,a)=0, 

Fjx^y^z, a') - F (a?, y, z,a) _^ 
a —a 

But ultimately when a' becomes equal to a these equations 
reduce to 

F{x,y,z,a)^0 (3), 

^F(x,y,z,a)=^0 (4), 

which are therefore the equations of the ultimate position of the 
curve of intersection of (1) and (2). Eliminating a between (3) 
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and (4) we obtain the equation of the locus of such curves, or 
the envelope of the surface (1). 

135. The curve given by the two equations (3) and (4) of - 
the last article is called the characteristic of the envelope. 

If we take the equations of two consecutive characteristics 
and treat them as in Art. 131 we get, to determine their 
point of intersection, the three equations 

F{x,y,z,a)^0, 

F(x,t/,z,a):=0, 

F'{x,y,z,a)=0. 

If between these three equations we eliminate a we shall 
get two relations between x, y, z which are the equations of the . 
locus of ultimate intersections of two consecutive characteristics. 
The curve so obtained is called the edge of regression of the . 
envelope, or sometimes simply the edge of the envelope. 

Thus the line given by equations (4) and (5) of Art. (129) . 
is the characteristic of the envelope of the normal planes to the 
curve, while the locus of the centres of spherical curvature is the 
edge of regression of the same envelope. 

136. We will now shew that the envelope obtained in Article 
134 touches each of the series of intersecting surfaces. 

For suppose from equation (4) of that article we obtain a 
value of a, 

Substituting in (3), the equation of the envelope becomes 

F[x,y,z,^{x,y,z)}=^0 .^ (1). 

The values of -r- and -r- at any point of this surface are 

given by the equations 

dF dFdz^ dF/d^ d<^ ^^ = 

dx dz dc d<f> \dx dz dx) 

dF dFdz dF/d^ d^ dz\ 

dy dz dy d(l> \dy dz dyj "" 



(2). 
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At any point of the surface F{x, y, z,a)=0 the values of ^ 

dz 
and -J- are given by the equations 

dF dFdz^^'} 

dx dz dx i /o\ 

dF dF dz ^^ 
dy dz dy 

But at the points where the envelope meets the surface 

^{x,y,z,a)=^^, 
we have 

a=^(x, y, z) and ;^= 0. 

ffW tJW 

Now -r; only differs from -j- in having {x, y, z) instead of a, 

consequently at all the points of intersection of the surface 

F{x,y,z,a)^0 

with the envelope, jt = 0> and the equations (2) become iden- 

tical with equations (3). The values of ^ and -v- being the 
same for the surface and its envelope, the two surfaces touch. 

137. If the equation of a surface be 

i^(a?,y,^,a,6) =0 (1), 

when a and 6 are constants, any two other surfaces formed by 
giving new values to a and h will intersect (1) in a point or points, 
which assume a limiting position when the new values of a and 
h approach indefinitely near to their first values. The locus of 
such limiting positions is called the envelope of the surface (1). 

Let a and 6 become a + A, 6 + A? respectively. The equation 
of the corresponding surface is 

i^(a?,y, «,a + A, i + A:) = 0, 

or jP(aj,y,^,a,6)+Ai<"(a + ^A)+;fei?^(6 + ^i)=0 ... (2), 

where ^ is a proper fraction and jF" (a + OK) means that 
F{xyy^Zya,h) has been differentiated with respect to a, and 
a-\-6h put in the result for a. 
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At the points of intersection of (1) and (2) we have 

hF{a + 0h)+kF{b + 0k)^O) ^""^^ 

and whatever be the ratio of A to £, when h and k are diminished 
indefinitely all the curves of intersection given by (3) pass' 
through the points given by 

By eliminating a and b between these equations we obtain the 
equation of the envelope. 

138. The envelope in this case also touches each of the 
series of intersecting surfaces. For let the equation of one of 
the surfaces be ' 

F(x,y,z,a,b)=0 (1). 

The corresponding point on the envelope is given by (1) com- 
bined with 

f-o-f-" (=9. 

From (2) we can obtain by solving for a and b 

and the equation of the envelope becomes 

F{x,i/,z, ^^(x,y,z), ^, (a?, y, 2r)} = 0. 

____ dz dz 

The values of -r- and -r- for any point of the envelope are 

given by the equations 

dF dF dz dF fd(l>, d<l>^dz\ dF /dtf)^ ^^^^^\^Q 
dx dz dx d^^ \dx dz dxj dtp^ ^ dx dz dxj "" * 

dF dFdz dF fd<f>, d<l>^dz\ dF /d<l>^ ^^^^^^O 
dy dz dy d^^ \dy dz dy) d<f>^ \dy dz dyj " 

But at the points where (1) meets the envelope 
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consequently at those points -rr = 0, yj- = 0, and the above 
eqi^tioi^ become 

dx dz dx~ * 

dF dFdz_^ 

dy dz dy ' 

dz dz 

which are the same as the equations which give -p and -r- for 

the point {x, y, z) of the surface (I), Hence at the points where 

(1) meets the envelope the values of -j- and -7- are the same 

for the surface and the envelope, which therefore touch at those 
points. 

13&. If the equation of a family of surfaces contains n arbi- 
trary constants connected by ti — 1 equations there is really one 
independent constant, and the envelope can be found by substi- 
tuting for 71 — 1 of the constants their values in terms of the n^. 
It is better in general to consider (n^l) of the constants to be 
functions of the n^, and differentiating all the equations to elimi- 
nate by indeterminate multipliers. 

If the n constants be connected by (n ~ 2) equations, two of 
the constants are arbitrary, and the envelope falls under the. 
second class. The method of indeterminate multipliers can be 
used in this case also. 

For examples of the solution of problems the reader is re- 
ferred to Todhunter's Differential Calculus, Chapter XXV., the 
methods employed there being equally applicable to the pro- 
blems of Solid Geometry. - ' 

EXAMPLE& CHAPTER X. 
1. Find the envelope of the series of planes 

where a, ^, 7 are parameters connected by the relations 

a« + /8».+ 7'=l, 
1% + m^ 4- n7 =s: 0. 
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2. Find the envelope of a sphere of constant radius .which 
moves with its centre on a fixed circle. 

3. Find the envelope of central sections of an ellipsoid of 
which one axis is constant and equal to h 

4. Find the envelope of planes which are the polars of the 
points on the ellipsoid 

^2 + J2 + ^-l, 

with respect to the eUipsoid 

a? y" a" ^ 

5. Find the envelope of a sphere of constant radius which 
moves with its centre in a fixed plane. 

6. Find the envelope of an ellipsoid whose axes are given 
in direction and the product of whose axes is constant and equal 
to8)fc'. 

7. Find the envelope of the series of planes 

Ix + wiy ■\-nz = v, 
where I, m, n, v are parameters connected by the relations 



Z* m* n 



3 



8 "'' -.2 W "^ ^Ji >.8 — "• 



i;* — a* v* — 6* t;* — c 

8. Find the envelope of a sphere whose centre is at a point 
(a, 13, 0), and radius is 7 where a, /S, 7 are connected by the 
relation 

k being a constant. 

9. Find the envelope of the surface 

where a, j8, 7 are parameters conaected by the relations 

a'"6'~7'' 
a, h, being constants. 
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10. Find the envelope of all planes which cut off a constant 
volume from the co-ordinate axes. 

11. Find the envelope of a series of planes which move so 
that the triangle cut off from them by the co-ordinate planes is 
constant in area. 

12. Find the envelope of a series of planes which move so 
that the area of the section of an ellipsoid made by any one is in 
a constant ratio to the area of the parallel section through the 
centre of the ellipsoid. 

13. Find the envelope of a sphere of constant radius which 
moves with its centre on a fixed sphere. 

14. Find the envelope of the plane 
when a, A 7 are connected by the relations 

h + w/8 + ny = 1. 

15. Through a given point (a, /3, y) a series of chords are 
drawn to an ellipsoid whose equation is 

in such directions that the line of intersection of the tangent 
planes at the extremities of each chord is perpendicular to that 
chord. Prove that the envelope of the lines of intersection of 
the tangent planes is a parabola which is the intersection of the 
polar plane of (a, /8, 7) with the cone whose equation is 

a b c ' 



CHAPTER XI. 

ON FUNCTIONAL AND DIFFERENTIAL EQUATIONS OF FAMILIES 

OF SURFACES. 



14!0. To find the general equation of conical surfaces. 

A conical surface is generated by a straight line which always 
passes through afia^edpoint and meets afiaoed curve. 

Let (a, ^, 7) be the fixed point, and let the equations of any 
. generating line be 



I m n 



(1). 



Let the equations of the curve through which (1) always 
passes be 

y^4>{^)> e^ir{x) (2). 

Since (1) always meets (2) we have 

7 + y (a? — a) ='^(a;). 

And eliminating x between these equations, we shall get a 
relation between -j and y , which can be put into the form 



I'^ii)- 



X 
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whence the equation of the cone becomes 

^.'^(^ <»)• 

This is the functional equation of conical surfaces. In all 
cases it is clear that the equation is homogeneous in x — a, 
y — P, -3^ — 7; in fact the result we have obtained is the ana- 
lytical statement of the fact that the equation of any conical 
surface whose vertex is at a point (a, ^, 7) is homogeneous in 
a — 0, y — /S, « — 7, an extension of the result of Art. 34. 

The differential equation can be deduced thus. 

dy Kx — aJ' 

^ dz ^z — y y — /3dz 
' ' dx X — a X — a dy' 

or (a,-a)g + (y-^)^ = ;r-y (4). 

. 141. To find' the general equation of cylindrical surfaces, 
A cylindrical surface is generated by a straight line which 
moves always parallel to itself and meets a fixed curve. 

Let I, m, n be the direction-cosines of one of the generat- 
ing lines, and 

X-x Y-y Z-z ,-. 

I m n 

the equations of the line. Let the equations of the directing 
curve be 

r=0(X), z=f (X) (2). 

Since (1) meets (2), we have 

y-\-mr = ^{x-\'lr), z->rnr — '^{x^rlr)^ 

and by eliminating r between these two equations we get a relar 
tion between a?, y, Zy the co-ordinates of any point in any one 
of the generating lines, which is therefore the equation of the 
surfa<;e. 
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The general form of the result is obtained thus. 
From (1) mX—lY=^ mx-ly, 

nY— mZ= ny — mz, 

But from (2) mX— ZFand nF— mi^ can both be expressed 
as functions of X, and we can therefore deduce a relation of 
the form 

mX^lY=F{nY--mZ)', 

,'. mx — ly = F (ny ^mz) (3), 

which IS the general functional equation of cylindrical surfaces. 

The differential equation can be deduced. For from (3), dif- 
ferentiating with respect to x, 

wi = — mF' {ny — mz) -j- , 

and differentiating with respect to y ^ 



-i=^n-.m^j^(ny-m^), 



r ^dz dz 

whence ^ -7- = n — m -5- , 

ax ay 

jdz dz ... 

^di+"^d^='^ (*)• 

142. To find the general equation of conoidai surfaces. 

A conoidal surface is a surface generated by a straight line 
which always meets a fijxed straight line, is parallel to a fi^ooed 
planey and meets afijced curve. 

Let the equations of the fixed line be 

— r-=-^=-^=^ W- 

L m* n 

and let the equation of the fixed plane be 

ra; + m'y + n'« = (2). 
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The co-ordinates of any point in (I) can be represented by 
a + lTy /8 + mr, y + nVy and the equations of any straight line 
thro]^gh this point are 

x-^a — lr _ y — 5 — mr ^z^-y — nr ^^v 

If this be parallel to (2), we have 

>i' + /*w' + m' = (4). 

From (3) and (4) 
r (a?- a) +m (y-iS) + w' (« - 7) = {It + wm' + nn') r ... (5), 

and from (3) eliminating r 

nX — lv _ n^x — aj — l^z — y) . . 

w/i — mi/'"w(y — /8) — w(2 — 7) ^ '' 

Now the condition that the straight line (3) may meet the 
fixed curve, combined with (4), will enable us to express - 

and - as functions of r, and consequently we can arrive at a 
result of the form 

rtfi — mv ^^ ' * 

which is the general functional equation of conoidal surfaces. 

If the fixed plane be taken as the plane of xy, and the point 
where the fixed line meets it as the origin, we have 

r=0, m' = 0, w' = l, a = 0, ^8 = 0, 7 = 0, 

and the equation (7) becomes 

^^:i^=F(.) : (8). 

ny — mz ^ ' ^ ' 

If the fixed line be perpendicular to the fixed plane 

? = 0, w = 0, n = l. 



OF FAMILIES OF SURFACES. 161 

and the equation of the surface becomes 



or z 



=+© » 



In this case the surface is called a right conoid. 

lis. The differential equation of conoidal surfaces can be 
deduced from (7); for differentiating it with respect to a?, we 
have 

(w-'^j {w(y-^)-i»(«-7)l + «»^{n(a?-a)-Z(«-7)} 

and differentiating with respect to y, we have 
dz f dz\ 

^^ ^" ^~'^^~ '"^^"'^^^ ■'"("""' ^j ^" ^®~"^ "^^^""^^^ 

ft 

= [rii^^ ^) r {V (z-a)+m'(j,-0) + n'{e- 7)}, 

and reducing and eliminating F' {/(a;— a) +m' {y—0) + n' (»— 7)} 
we obtain 

(m' + n'g)[»(y-y8)-m(^-7) + J{m(«-a)-i(y-y8)}] 

orm' {n {y — ^ — m (z — y)} + 1 {n {x — a) — I (z — 7)} 
+ ^[m'{m{x-a)-l(3/-^)} + n'{n(x-a)-liz-y)n 

+ %[n'{n(i,-^)-m(z-y)}+r[lQ,-^)-m(x-a)}]='0...{lO). 

A. O. 11 
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The differential equation corresponding to equation (8) is 
obtained by putting 

a = 0, /8 = 0, 7 = 0, r = 0, m' = 0, n =1, 
and is therefore 

(^"■'^) ^"^(""y'^^^s^^^ (^^)- 

The differential equation of a right conoid is obtained from 
(11) by putting 

1=0, wi = 0, w = 1, 
and is therefore 

dz , dz ^ .^^. 

""di+ydy-^ (12). 

The forms (11) and (12) can of course be obtained directly 
from (8) and (9) by differentiation. 

For instance from (9), differentiating with respect to a, we 
have 

and differentiating with respect to y, 

^ _ ^ a , , /^N 



whence eliminating "^^ ( -) , "we have 



dz ^ dz ^ 

144}. The three classes of surfaces we have considered are 
all included in the general class of ruled surfaces, that is, sur- 
faces which can be generated by the motion of a straight line. 
The first and second differ from the third in this, that any 
two consecutive generating lines in any surface of the first or 
second classes lie in one plane, whereas this is not in general 
the case with the third class. Kuled surfaces in which consecutive 
generating lines lie in one plane are called developable surfaces^ 
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while all other ruled surfaces are called shew svrfaces. Thus 
the surface generated by the ultimate intersections of the normal 
planes to a given curve is developable. 

Developable surfaces are so named for the following reason. 
Let a series of consecutive generating lines be drawn. The 
plane which passes through the first and second line intersect^s 
the plane which passes through the second and third line in 
the second line. The first plane may be turned round the 
second line till it coincides with the second plane, and thus 
three generating lines of the surface can be made to lie in one 
plane. Again, this plane 'can be turned round the third line 
till it coincides with the plane which passes through the third 
and fourth lines, and so four consecutive lines can be made 
to lie in one plane. In this manner the whole surface can be 
developed so as to lie in one plane without tearing. 

Since any two consecutive generating lines of a developable 
surface lie in one plane, the surface may be produced by the 
ultimate intersections of a series of planes, and since any two 
consecutive planes intersect in a line on the surface, the equa- 
tion of one of the planes can only involve ^me arbitrary constant 
(Art. 134). 

145. Let the equation of one of the planes be 

Ax-{-By-{- Cz-D=-Q (1). 

Then since the equation only involves one arbitrary constant, 
Ay By Cy D must be functions of one constant which we may 
call a. Then equation (1) may be written 

^iW + #,(a)+^0sW-04W=O ..(2), 

and the envelope is obtained by eliminating a between (2) and 
the equation obtained by differentiating it with respect to a, viz. 

x^; (a) + y^; (a) + z<j>: (a) - ^; (a) = (3). 

To obtain the general differential equation of developable 
surfaces we must differentiate (2), considering a as a function of 
Xy y, z determined from {3). 

11--2 



+ 
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Differentiating with respect to x, we get 

H;w+y*.'(«)+^^.'(a)-.^;(«)}{|+gg}=o, 

or b7 (3), ^. (a) +^<f>, (a) =0 (4). 

Similarly, differentiating with respect to y, we get 

*.(«) + |^.W = (5). 



Eliminating a between (4) and (5), we get 

dz ^fdz 
dx 



-/(I) w- 



and differentiating again with respect to x and y, we get 

da?'''' \dy) * dxdy^ 

d^z _ J,, /dz\ d^ 
dxdy"'' \dy) ' dy*' 



And eliminating/' (— j , we get 



\dy, 

dod^'dy* \dxdy) \ 
which is the differential equation of developable surfaces. 

146. To find the general equation of surfaces of revolvition. 

A surface of revolution is the surface produced by the revolu- 
tion of a plane curve round a faced straight line in its plane called 
the axis of revolution. 

Let the equations of the axis of revolution be 

x—a y—p «— 7 



I 7n n 



(1). 
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And let y =/(a?) be the equation of the revolving curve when 
the axis of revolution is taken as the axis of x, and the point 
(a, )8, 7) as origin. Let Pbe any point on the surface, PJS per- 
pendicular on the line (1), and Q the point (a, /8, 7). Then 
from the definition of a surface of revolution, 

PB=>f{RQ) ,........(2),. 

But BQ = I (oj-a) + m (y -/8) + n (« -7), 

since it is the perpendicular from Q on a plane through P per* 
pendicular to (1), and 

Pi? = («-a)» + (y-/S)« + (a-7)» 

~{l{x-a)+m(tf-^ + n{2-y)]\ 

Hence 
(aj-a)«+ (y-y8)* + («-7)*={i(aj-a) +m (y-/8) + «(2-7)}» 

+ [/{i (a - a) + »» (y - /3) + n (» - 7)}r» 
or(x-a)' + {y-^*+(z-yy 

='^{l{x — a) + m(if — 0) + n(z — 'Y)} (3), 

which is the functional equation of surfaces of revolution. 

The differential equation can be thus deduced. 
Differentiating (3) with respect to a; we get 



2{(a.-«) + (.-7)|} 



= fr+«^}f {i(aJ-a) + m(y-/8)+«(«-7)}, 



and differentiating with respect to y 



2{(y-^4-(.-7)|} 



= |m + n ^1 0' {Z (oj - a) + m (y - ^) + w (« - 7)}. 
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Eliminating ^' and reducing, we get 

( 

+ {nix-a)-l(,z-y)}^^=^0 (4), 

whicli is the differential equation required. 

r 

147. The conditions that the general equation of the second 
degree should represent a surface of revolution, can be obtained 
either from the functional or differential equation of the last 
Article. We will obtain them from the functional equation. 

' Let the equation be 

Aa!' + Bf+Cj2!' + 2A'yz + 2Fzx + 2Cxy 

+ 2A''x + 2ff'y + 2G''z + F=0 (1). 

If this equation represents a surface of revolution it can be 
put into the form 

(x - a)" + (y - /3y + (« - 7)'= P{h + my + nzy 

+ Q{lx-^my-hnz)+B (2), 

where P, Q, R are constants. This is evident from the consider- 
ations that the right-hand member must be some function of 

l{x'-a)+m(i/-'l3)+n(z-y), 
or of Ix + my + na — (la, + m/S + n^), 

and that it cannot contain x, y, « to a higher degree than the 
second. Making the equations (1) and (2) identical, we obtain 



IT-l=kA... 


... (3), 


Pmn=kA ... 


...(6), 


Pm*-l = kB... 


...(4). 


JM = k£'... 


...(7), 


Bi'-l=^C... 


... (5), 


Plm = kO ... 


...(8), 



where k is some constant. 
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Multiplying (7) by (8) and dividing the product by (6), we 
obtain 

These are the necessary conditions. 

The relations which must subsist between a, ^, 7 are obtained 
by equating the coeflBcients of the terms of the first degree in 
(1) and (2). We thus obtain 

Qm+20 = 2kB'\ 
Qn-{-2y^2kC". 

Whence MjZ^^^.K^^tC:^ (10). 

But .^~r^ = jjr—, = .^r^ , and * is given by (9). 

~jr "W ~W 

t 

The three equations (10) being the relations which a, ^, 7 
must satisfy are the equations of the axis of revolution, 

148. The preceding investigation fails if the quantities 
-jr-A —^"^y -^-C7 vanish, 

for then k is required to be infinite. 

We know that the equation (1) in this case represents a para- 
bolic cylinder, or two parallel planes (Art. 91), consequently the 
surface cannot be a surface of revolution. 

The investigation also fails if A\ B, or C vanish. Suppose 
A' = 0. From equation (6), mn = ; /, m = or n = 0, and 
therefore, B' or C must vanish also. Suppose n = 0, and there- 
fore jB' = 0, we get then 

Plm^kG\ 
kC=^'-h 
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and (l + hA) (l+Jfc5) = i*Pm*= A^C?'*; 

.-. (a-^)((7-5) = C^ 

which with -B' = is the condition required. Any other excep- 
tional case can be treated in the same way. 

149. The differential equations of the different classes of 
surfaces can be put into a more symmetrical form by the sub- 
stitutions 

dF dF 

dz _^ dx dz _^ dy 

dx 3^' Ty" 'dF' 

dz dz 

and corresponding substitutions for the second differential co- 
eflScients of Zy the equation of the surface being assumed to be 

Thus the differential equation of cylindrical surfaces becomes 

idF dF dF ^ ,-v 

^'d^^'^li^^'dz'^^ (^)- 

VMJ ^H VVM 

The equations can be more conveniently used in this form to 
discover whether a surface whose equation is given belongs to 
the particular class considered. 

For instance, if the surface be cylindrical, there must be some 
values of I, m, n which shall make the expression 

jdF^ dF^ dF .^. 

^^+^^-^^dJ ^^)> 

vanish identically for all values of x, y, z corresponding to any 
point on the surface. 

The conditions that this may be possible will be that the 
coeflScients of the several powers and products of a?, y, z in (2) 
must vanish for the same values of Z, m, n. 

The differential equations can be found independently of the 
functional. For instance, equation (1) is the algebraical state- 
ment of the fact that at all points of the surface F (a:, y, «) = 0, a ' 
straight line whose direction-cosines are Z, w, w is a tangent line 
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to the surface, a condition obviously satisfied by cylindrical 
surfaces only. 

In the case of conical surfaces we at once obtain the differen- 
tial equation 

from the consideration that the straight line joining any point 
{x, y, z) with the vertex is a tangent line to the surface at the 
point (a?, y, z). 
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1. Shew how to find the functional and differential equa- 
tions of a tubular surface, that is, a surface which is the envelope 
of a sphere of constant radius which moves with its centre on a 
fixed curve. 

i 

2. Prove that the surface a?' + y* + ^ — ^xyz = a' is a surface 
of revolution round the line x=:y=^z. Find the equation of 
the generating curve, 

3. Find the equation of a conoidal surface of which the 
generating lines pass through the axis of z and are parallel to 
the plane of xy, and whose directing curve is a circle with its 
centre in the axis of x and its plane parallel to that of yz. 
{The ConO'Cuneus.) 

4. Find the equation of the surface generated by a straight 
line which passes through two fixed straight lines at right angles 
to each other and also through a circle whose plane is parallel 
to each of the straight lines and whose centre is at the middle 
point of the shortest distance between them. 

5. Find the equation of the surface generated by a straight 
line which always passes through the axis of z and some point 
of the curve 

x = a cos 0, y = asm0, z = c0; 

and is parallel to the plane of xy. 
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6. Find the equation of the surface generated by the tan- 
gent lines of the curve 

a? = acos^, y = asin^, z^cO. 

7. Find the equation of a conical surface whose vertex is at 
any point on the surface of a sphere, and whose base is a small 
circle of the sphere. 

Find also the curve in which the cone is cut by a plane 
through the centre of the sphere perpendicular to the diameter 
through the vertex, 

8. Find the equation of the surface generated by the revo- 
lution of a circle round a straight line in its own plane which 
does not cut it. 

9. A fixed straight line AB meets a fixed plane in A. A 
straight line AP moves so that the sine of the angle which it 
makes with AB bears a constant ratio to the sine of the angle 
which it makes with the fixed plane. Find the surface gene- 
rated by AP. 

10. Find the condition that the surface 
Ax^^Bf^-Gz^-\-2Ayz^2Fzx-^2C'xy-\-2A''cc^-2B'y^2C''z'\-F=-0 
may be a cylindrical surface. 

11. Find the condition that the surface in (10) may be 
developable. 

12. Find the equation of the surface generated by all the 
normals drawn to an ellipsoid 

at the points where it is cut by the cone 

X y z 

13. Find the condition that the surface 

F{x,y,z)^0 
may be a developable surface. 
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14. A candle is placed at a given distance in front of a 
plane vertical circular mirror on a line perpendicular to the 
plane of the mirror through the extremity of its horizontal 
diameter ; shew that the boundary of the reflected light which 
falls on a wall of which the plane is perpendicular to that of the 
mirror is a parabola, and determine its latus rectum. 

15. Find the equation of the developable surface generated 
by a plane which moves in such a manner as to be always in 
contact with the surfaces 



• 




4 


=1, 






+ 0' 


2» 



= 1. 



16. A straight line AB moves on two fixed straight lines 
not in the same plane so that the portion between the lines 
subtends a right angle at a fixed point 0, Prove that the locus 
of this line is a skew surface of the second order. 

17. Obtain the diflferential equation of surfaces of revolution 
from the consideration that at every point of such surfaces one 
tangent line is perpendicular to the plane containing that point 
and the axis of revolution. 

18. Shew that if a section of a right conoid whose generat- 
ing lines are parallel to the plane of xy be made by any plane 
parallel to that of xy, the normals at points in the lines of section 
will meet the plane of xy in concentric hyperbolas. 

19. Prove that the general functional equation of the 
surfaces generated by a circle which always touches the axis of 
z at the origin may be written in the form 



a^ + j^ + 2» = 2cx/g), 



and that the differential equation is 



-. f dz dz) o o Q 



CHAPTER XII. 

ON FOCI AND CONFOCAL QUADRICS. 



150, A FOCUS of a conic section is a point such that the 
distance of any point on the curve from it can be expressed as 
a linear function of the co-ordinates of that point. 

There are certain points which have analogous properties in 
reference to quadrics, and which may therefore be called foci of 
quadrics. 

151. For instance the equation of the ellipsoid is 

a''^¥'^?^^ (^^, 

where we will suppose a, h, c in descending order of magnitude. 
Also let e^, e^ e^ be the excentricities of the sections of (1) by 
the planes of yzy zx, scy respectively. 

The co-ordinates of the focus of the section by the plane of 
xy are {ae^ 0, 0). The square of the distance of any point (a?, y, z) 
in (1) from this focus 



2aeg X + a* j— ^ 



= {e^-ay ^- 

= {e^ — e'z — a) (e^ -f e'e — a), if «'= — * . 

c 
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Hence the square of the distance of any point on (1) from 
the focus of the section of (1) by the plane of xy is equal to the 
product of two linear functions of the co-ordinates of the point. 

Or, geometrically, we may say that the square of the distance 
of any point on the quadric from the focus of the section of the 
quadric by the plane of xy, is proportional to the product of the 
distances of the point from two planes whose equations are 

Cgii? — e'is — a = (2), 

e^x + e'z-a-=0 (3). 

These two planes intersect in a line whose equations are 
^ = 0, e^ — a^O, that is in the directrix of the section of the 
quadric by the plane of ocy. 

Similar properties hold for the foci of the sections of the 
quadric by the planes of yz and zx, but in these cases the two 
planes corresponding to (2) and (3) are impossible, though their 
line of intersection is real. 

152. These points are not however the only points which 
have the same property. We will examine the conditions which 
must be satisfied by the co-ordinates of any point, in order that 
the square of its distance from any point on a central quadric, 
may be proportional to the rectangle contained by the distances 
of the latter point from two planes, real or impossible. 

If a> A 7 he the co-ordinates of such a point, we must have 
the expression (a? — a)' + (y — jSy + (^j — 7)' identically equal to 

for all values of x, y, z which satisfy the equation of the quadric; 
a, 0, y being the co-ordinates of any point in the line of inter- 
section of the planes. 

Let the equation of the quadric be 

Aa? + By^+Cz'=l (1). 

Then the equation 

-{Z(a!-a')+m(y-i8')+w(2-7')}{r(a:-a')+m'(y-iS')4n'(2-7')}=0(2), 
mwst be satisfied by all values of co, y, z which satisfy (1). 
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This can only be the case when the two equations are 
identical, and as first conditions for this the coeflScients of yz, zx 
and xy in (2) must vanish. We thus get 

mn! + mn = 0, nt + n'l = 0, Im + tm = 0, 

which can only be satisfied by one of the sets of conditions 



/ -^ 



or 



1=0, r=o,™=-^ 

m n 

m = 0, m =0, — = — -7 

n I 

71=0, w =0, T = 



(3). 



V 



If we take the second set of these equations and put -j = k, 
the equation (2) becomes 
(x - a)« + (y - /S)" +{z- 7)« - A:P (x- a')'+fo»' (0-7')» = ... (4). 

Comparing the remaining terms of the second degree with 
those in (1) we obtain 

A 'B~ 



or 







jfcp=l_^, ;b»''=-^-l 



... (5). 



And by comparing the terms involving x, y and z, and the 
constant term in (4) with the corresponding terms in (1) we 
have 

a-A:Pa' = 0, i8 = 0, 7 + A;7i'7'=0 (6), 

a'»+i8« + 7«-iPa'^H-A7iV' = -;| (7). 

And substituting for a', y from (6) in (7) we obtain by help 
of (5), 

= 1 (8). 



2 S 

g . 7 • _ 
1 1 "^ 1 T 



A B a B 

The equation (8) combined with ^ = gives a conic 
section in the plane otzx the points on which may be considered 
as foci. This curve is called a focal conic of (1). 
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153. The equations (6) give values of a and 7' corre- 
sponding to any particular focus (a, /8, 7). These values deter- 
mine the position of a straight line which we may call the 
directrix corresponding to that particular focus. 

The directrices corresponding to the diflferent foci lying on 
the conic (8) all lie on a cylinder whose equation will be found 
by eliminating a and 7 between (6) and (8), to be 

154. The other conditions in (3) will similarly give us two 
other focal conies in the planes of ajy and yz whose equations 
are 

= 1 (9), 



a* 




+r 


JS* 


1 


1 


1 


A 


G 


B 


' G 


^ 


1 


+T 


7* 


1 


1 


1 


B 


A 


c 


A 



= 1 (10); 



and corresponding to any focus there will be a directrix perpen- 
dicular to the plane in which the focal conic lies. 

Of these conies, whatever be the signs and relative magni- 
tudes of Ay B, C, one will be an ellipse, another an hyperbola, 
and the third an impossible locus. 

155. For instance, in the ellipsoid whose equation is 

^» + ^2 + ^2-l, 
the equations of the focal conies will be 

~ 2 + iji — a = 1 in the plane of ocy, 

X 



a» _ 6« ■*■ c' - i' ~ ■^ '"^' 
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And if we assume a, J, c to be in descending order of magnitude, 
the first of these is an ellipse the extremities of whose axes are 
the foci of the sections of the original ellipsoid by the planes of 
yz and zx : the second a hyperbola with its real axis in the axis 
of X, the extremities of this real axis being the foci of the section 
of the ellipsoid by the plane of xy : while the third is altogether 
an impossible locus. 

Similar results may be obtained for the two hyperboloids. 

156. The focal conies of a cone 

Aa? + Bjf^-Oz^ = (1) 

can be deduced from those of a central quadric 

As^ + Bf^-Cz'^k (2), 

by putting k equal to zero. 

The focal conies of (2) would be, writing "x > t: > T iiistead of 
A, B, C in the formulae (8), (9), (10) of Articles 152 and 164, 

1, 







•y*. 


k 


nf+ 


k k 


A 


B 


C B 


T 


^- 


k k 


A 


C 


B'G 




^. 


-/ 



= 1, 



I =1. ■ 

tC K iC iC 

B"! H^A 
Or, multiplying these equations by (Jc) and then making k to 
vanish, the focal conies of the cone (1) become 
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Of these, whatever be the signs of 

l«i i-1 1^1 

B G' G A' A B' 

o^e will give two straight lines, and the other two give a point, 
the vertex. 

157. To find the focal conies of the paraboloid 

%»+ Gz^^x (1), 

we must as in Art. 152 make the equation (1) identical with 

(a.-a)«+(y-/9)« + (;5-7)«- 

{^C^-aO+m (y-i8')+n (^-7')} [l^x-^orj-Vmiy^^ +n'(«-70} =0. (2). 

The first conditions for this identity are the same as equa- 
tion (3) of Art. 152, and if we take the second of those conditions 

V 
and put -7 = A, the equation (2) becomes as in that article 

And since (1) contains no tenn involving a? and no constant 
term, we get 

and by comparing the remaining terms in the two equations, we 

have 

l+ibi' _l _ 2{a-kVa') 

a " B" 1 
/3 = 0, 2(7+&w'7')=0; 
and thus we get for the locus of the foci the two equations 



or 



J-B~ B\ *BJ\. 

/3 = o) 



C 
and y3 

By taking the third of the conditions (3) of Art. 152 we 

shall similarly get another focal conic in the plane of sey whose 

equations are 

7 = 0, 

B 
A. a. 12 



^__1/ _ 1\ 
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The first of the conditions (3) of Art. 152 in this case is 
inadmissible inasmuch as (1) contains no term involving a?". 

Thus in this case the focal conies are two parabolas whose 
vertices are the foci of the sections of the surface (1) by the 
planes of xy and zx. 

158. Two central quadrics 

^V + ^y»+CV=l, 
will have the same focal conies if 

B CB G" A a A" 

or as we may write the conditions, if 

A A^B B" G 

Two quadrics whose equations satisfy these conditions are 
called confocal quadrics. 

159. Thus if the equation of an ellipsoid be 



1 


1 


1 


1 


A 


B' 


-A' 


^' 


1 








G" 









r!+^+i"=i (1), 



all surfaces whose equations are of the form 



a? y* ^' _T 



where h is any quantity positive or negative, are confocal with 
the ellipsoid. 

160. If a, ^, 7 be the co-ordinates of any point, we can find 
the equation- of a surface passing through (a, )8, 7) and confocal 
with (1) by determining k from the equation 

^ +A: + A:-1=0 (3)> 



a' + A i' + fc c*H-A 

which is the condition that (2) should pass through the point 
(«> A 7)- This equation is a cubic in 1c, of which it can be 
shewn that the roots are all real. There are therefore three 
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quadrics confocal to (1) which pass through the point a, )8, % of 
which one can be shewn to be an ellipsoid, and the others to be 
hyperboloids of one and two sheets respectively. 

161. Any two confocal quadrics intersect at right angles at 
all points where they meet. 

For let Xy y, z be the co-ordinates of any point common to 
the two quadrics 

A^ B^ G ^ ^ ^' 

The equation of the tangent plane to (1) at the point 
(a?, y, z) is 

T^:^^ -^ ^^^' 

And the equation of the tangent plane to (2) at the same 
point is 

A +&"*"5 + &'*" O + A?" ^ ^' 

But from (1) and (2) by subtraction we obtain 

A{A^-hy Bifi-vhy G{G^h) ^' 

which is the condition that (3) and (4) should be at right 
angles to each other. 

162. For farther applications of the theory of focal pro- 
perties of Quadrics the student is referred to Salmon's SoVd 
Oeometry. 
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EXAMPLES. CHAPTER XH. 

1. Fun) the equations of the focal conies of the quadric 

2. Find the equations of the quadrics confocal with the 
quadric 

which pass through the point (1, 1, 1). 

3. Find the locus of the points of contact of tangent planes 
drawn from a point in the axis of a; to a series of confocal 
surfaces whose axes coincide with the axes of co-ordinates. 

4. Shew that the surfaces 

a aa--a cub — 6 



intersect everywhere at right angles. 

5. Shew that if the foci of the principal sections of two 
paraboloids coincide, their focal conies will also coincide. 

6. Extend the proposition of Art. 161 to the case of two 
confocal paraboloids. 



CHAPTER Xm. 



ON CURVATURE OP SURFACES. 



163, Two surfaces are said to have contact of tte first 
order at any point where they meet when they have a common 
tangent plane at that point. The necessary and sufficient con- 
ditions for this are that for the same values of x and y the 

values of z, -y- and -j- shall be the same for the two surfaces. 
ax ay 

Two surfaces are said to have contact of the n* order at a 
point where they meet when the sections of the two surfaces 
by every plane passing through that point have contact of the 
n^ order. This we will prove to be the case if the sections of 
the surfaces by all planes which contain any given straight line 
through the point of contact not lying in the tangent plane have 
contact of the n*^ order. 

For let the common point be taken as origin and the given 
line as axis of z. Let the equations of the two surfaces be 

«=f(p^>y) (1)> 

z^F{x,y) (2). 

Expanding (1) and (2) we obtain 



«. 



-(f)-(f)*— IH-4)-^-" <*'■ 
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wliere z^ and z^ are tlie ordinates of the two surfaces correspond- 
ing to the same values of x and y; and in the quantities -j-, 

dF 

-J- 9 "• « and y are put equal to zero after the differentiations 

axe performed. 

Now since all sections of (1) and (2) by planes which contain 
the axis of z have contact of the n^ order, the difference of 
z^ and z^ must be of the (w + 1)*** degree in x and y. Hence 
we have 

df^dF df^dF ^^^ d"/ ^ d'F 
dx dx' dy dy^ daf dsd^ ' dxdy dxdy**" 



drf_^ dy _ dTF 

dar^dx""''" d^df-^ " dx'dy"^ 



...(5). 



If now the axes be changed in position, the origin remaining 

the same, since the new co-ordinates x', y\ z of any point are 

linear functions of the old co-ordinates, it is clear that any 

d^z 
differential coefficient of the form , ,^^ ,^ can be expressed in 

terms of the differential coefficients of z with respect to x and y 
of orders up to but not exceeding the (r + if^. Hence if the 
differential coefficients of z with respect to x and y for one 
surface, up to those of the «*^ order inclusive, be respectively 
equal to the corresponding quantities for a second surface, the 
same will be true of the differential coefficients of z with respect 
to X and y'; that is, if conditions (5) be satisfied for two surfaces 
with any one set of axes, they will be also satisfied with any 
other set of axes. 

Thus if the sections of the two surfaces (1) and (2) by all 
planes through the axis of z have contact of the 7^ order, so 
will their sections by aU planes through the common point. 

The conditions that two surfaces should have contact of the 
ri^ order at a given point are therefore that the values of 

dz dz^ ^^ d^z dJ'z 

^' dx' %"*rfa;*' dx^^dy''' df' 
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should be the same for the two surfaces for the given values of 
X and y, 

164 If two surfaces touch at a given point and the sections 
hy a plane through the no7*mal and any tangent line have contact 
of the second order, then all sections by planes through the same 
tangent line have contact of the second order. 

m 

Take the common point as origin and the common normal 
as axis of z. Then, z =f(x, y), z = F {x, y) being the equations 

of the two surfaces, the values of -/ , -f- , -y-, -j- vanish at 

cLx ay dx ay 

the origin and the equations of the surfaces can be put in the 

form 

z = aa? + hxy + C2^+ (1), 

z=Aa^ + Bxy+Cy''+ (2), 

where a, h, c are the values of ^-f^ , , *% , ^ -j^ at the origin, 

and A, B, G those of I ^, ^^, l-^. 

Also if the given tangent line be the axis of x, the sections 
by the plane of zx have contact of the second order, and we 
have a = -4. 

Consider now the sections by a plane through the axis of x 
whose equation is 

y^mz (3), 

we have for a given value x^ of a?, in the one surface 

z^^ax^ + hxjf^^-cy^+..., 

and in the other 

z^ ^Ax^^- Bx^y^ +Cy^^ + ...; 

.\ z,-'Z^^x,{by^-'By;) + cy^^-Cy^^+... 

But 2?!, z^ being of the second degree in x^, y^ and y^ are so 
also by (3), and therefore x^ (by^ — By^ is of the third degree, 
and therefore ^j — ^5, is of the third degree in x^, and the sections 
of the two surfaces by (3) have contact of the second order. 
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Similaxly if two surfaces have complete contact of the (n — 1)**" 
order at a given point, and the sections by any plane through 
the normal and a given tangent line have contact of the n*^ 
order, then all sections by planes through this tangent line have 
contact of the n^ order. 

165. From the proposition proved in the last article it 
follows that if i2 be the radius of curvature of any normal section 
of a surface, It cos is the radius of curvature of an oblique 
section through the same tangent line inclined at an angle to 
the normal section. For if a sphere whose radius is jS be 
described touching the surface at the given point, the normal 
sections of this sphere and the surface through the given tangent 
line have contact of the second order and therefore also any 
oblique sections. 

But the radius of curvature of the oblique section of the 
sphere is obviously B cos 0, whence the proposition, which is 
called Meunier's Theorem, follows. 

166. If the tangent plane at any point be taken as the 
plane of xy and the point of contact as the origin, we have seen 
that the equation of the surface can be put into the form 

z = ax*-^bx7/ + cy* + (1), 

where the remaining terms are of a higher degree than the 
second. 

Consider the section of this surface by a plane through the 
axis of z whose equation is 

i/ = xisin0 , (2). 

The radius of curvature of this section is the limit of — tt^ 

2z 

when the values of x and y are diminished indefinitely. Hence 

if /} be this radius, we have 

l'_, aa? + hxy -f c^ + Ax* 

_, a + b tan ^ + c tan* -f Ax 
" • 1+tan^e 

= acos'^ + 6sin^cos^ + csin*^ ,,, (3). 
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If we construct the conic section whose equation is 

a^-^-bocy-^-c]^ = 1 (4), 

it is evident from (3) that the square of any radius vector of 
this conic represents the diameter of curvature of the section 
of (1) by a normal plane passing through this radius vector. 
This conic section is called the indicatrix of the surface at the 
given point. 

If in (1) we suppose x and y so small that the terms on the 
right hand after the third may be neglected, we get 

z = aa^ + bxy + cy' (5). 

The curve in which this surface is cut by a plane z = k 
parallel to the plane of ocy is similar and similarly situated 
to (4). Hence the indicatrix at any point of a surface may be 
defined as a curve similar and similarly situated to the limit 
of the curve in which the surface is cut by a plane indefinitely 
near to the tangent plane at the given point. 

167. By choosing the axes of x and y so as to coincide 
with the principal axes of the indicatrix the equation (4) of the , 
last article assumes the form 

Ax'+Cy'^l (1). 

Also the radii vectores drawn in the directions of the prin- 
cipal axes are respectively the least and greatest radii of the 
curve. Hence the normal sections for which the radius of cur- 
vature is least and greatest respectively, pass through the prin- 
cipal axes of the indicatrix. The radii of curvature of these 
sections are called the principal radii of curvature at the given 
point, and the sections themselves, the principal sections. 

Let It and jB' be the principal radii of curvature, p and p' 
the radii of curvature of any other sections at right angles, 
which we may take to be the sections through the axes of x and 
y in equation (4) of the last article. Then 

Jl-a -1-0 
1 _ 1 _ 
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But u4 + (7 = a + c. (Todhunter's Conic Sections, Art, 274.) 
And therefore 

B^E--p^7 ^^^- 

Also if the section whose radius of curvature is p be inclined 
at an angle 6 to the principal section whose radius is R, we 
have from (1) 

^ = ^C08»^+Csin'^: 
.-. - = 4cos»^+isin»5 (3). 

p Jt IC 

We can thus obtain the radius of curvature of any normal 
section if we know those of the principal sections, and by 
Art. 165 we can deduce that of any oblique section. Hence, 
if we know the principal radii of curvature at any point of a 
surface, the curvatures of all sections of the surfewe at that 
point are known. 

168. To find the radius of curvature of any normal section 
of a surface at a given point. 

Let the equation of the surface be 

F{x,y,z) = (1), 

and let x, y, z be the co-ordinates of the given point P. Let 
Z, m, n be the direction-cosines of the tangent line at (x, y, z) 
through which the cutting plane passes. Also let a? .+ a, y -f /S, 
z + yhe the co-ordinates of a point Q in the curve of section 
near to P. Let QR be drawn perpendicular on the tangent plane. 
Then, by Newton, the radius of curvature of the section is the 

limit of ^p when Q is made to approach indefinitely near to P. 
But the equation of the tangent plane is 

(«^-)f+(»'-j)f+<.'-)f=o. P). 
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Hence 

dF p dF dF 

witli the notation explained in Art. 100. 
And P(^ = (i^'\-^-¥^. 

The radius of curvature is therefore the limit of 



* 2 {p.U-^fiV+riW) 

But since the point 

(ar + a, y + A« + 7) 
is on the surface (1), 

F{x + a,y + P,z + i) = 0, 
or expanding, and remembering that F (x, y, z) = 0, 

Whence the above expression becomes 

"*■ t^u + ^v + 7*w? + 2^yv! + 27(21?' + 2ay3w' + ..• 

where the remaining terms in the denominator are of higher 
dimensions than the second in a, y8, 7. 

Now by Newton the angle between PR and PQ diminishes 
indefinitely as Q approaches P, Hence we have Tiltimately 

And making these substitutions and diminishing a^, /9, 7 in- 
definitely, we obtain for the radius of curvature 

^ i^ + twi"+wn*+2um7i+2i;'nZ+2u;'toi ^ '* 
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169. The principal sections are those for which p is a 
maximum or minimum. Hence we have to make the ex- 
pression 

ur + vm* + tcn* + 2umn-\'2v'nl-h2wlm (1) 

a maximum or minimum by the variation of I, m, n, which are 
connected by the relations 

P+m»+^» = l (2), 

Ul+ Fm+ Fw = (3), 

the latter expressing the fact that the line whose direction-cosines 
are Z, m, n lies in the tangent plane at the point {x, y, z). We 
shall denote the expression (1) by the symbol A. 

Differentiating (1), (2) and (3) and using undetermined mul- 
tiplierS; we obtain 

ul-\-w'm + vn'^U-\-1eU^0 (4), 

w'l + vm + un-^-km + k'V^O (5), 

vl+um + wn-^lcn + k'W=0 (6). 

Multiplying (4) by I, (5) by m, and (6) by n, and adding, 

we get 

A + * = (7). 

And the three equations (4), (5), and (6), become 

(w — A) f + wm-h vn = — i'?/", 

w7+(t; — A) m + w'n = — A'F^ 

i;7 + wm + (t£^ - A) n = - A' TT, 

whence 

I m n 



u, 


v/ . 


V 


V, 


v — h, 


u 


w. 


u , 


w — h 



u. 


u — 


h, 


w' 


V, 


w' 


> 


v — h 


w. 


v' 


9 


«' 



U, v' , u — h 
V, u' , vi 
W, w — h, V 

Substituting in (3), and reducing 
IP {{v-h) (w-h)-u'*}+Vmw-h) {u-h)-v'*} 

+ W*{{u-h)(v-h)-u,'^ 
+ 2rW {v'v/ -u(u- h)} + 2 WU{xDu -v'{v- h)] 

+ 2 J7F{ttV -w' (w - A)} = 0... (9). 



...(8). 
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From (9) we obtain two values of A and therefore of p, and 
from (8) we deduce the corresponding values of I, m, n. 

170. The formulae of the last two articles are somewhat 
simplified if we take the unsymmetrical form of the equation of 
a surface 

or /(«,y)-« = o. 

The reductions may be effected by the substitutions 

u = r, v^t, w = 0, 

u =0, V = 0, w' = 8. 

Moreover, instead of determining the tangent line through 
which the section is made by its direction-cosines, it is usual to 
determine it by its projection on the plane of an/, whose equa- 
tion we may assume to be 

y-y = m{x-x) (1). 

The direction-cosines of the line of intersection of this plane 
with the tangent plane at (a?, y, z), whose equation is 

p (a?' - a;) + J (/-y) - {z-z) = 0, 

are proportional to 1, m,p+ qm, respectively. 

The value of p becomes with these substitutions equal to 

Vl+j?'-hg' {l + p'+2pgm + (l + g*)m'} 

r + 25w+<m* 

171. The result of the last article can be obtained inde- 
pendently. Let a sphere be described having contact of the 
first order with the given surface at {x, y, z), and let the 
sections of the surface and the sphere by the plane (1) have 
contact of the second order. Then the sections of the surface 
and the sphere by a normal plane through the line in which 
(1) cuts the tangent plane will have contact of the second 
order by Meunier's Theorem, and the radius of the sphere is 
therefore the radius of curvature of the section required. 
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Let tlie equation of the sphere be 

(X- a)* + ( Y- by + (Z- c)* = p* 



(2); 



(3), 



'dZ\* 



d'Z 



dJZ dZ . f2 % d/ Z -. 



But at the p<Hat (a;, y, z) 



dY* 



= 



(4). 



TT _ 17- r^ ^Z dZ 

X=x.Y=y,Z=z,-^^p,-i^^q, 

since the sphere and surface have a common tangent plane. 
Also since their sections by the plane (1) have contact of the 
second order, the values of z in terms of a' — «, y' — y for the 
sphere and surface must coincide as far as terms of the second 
degree in aj' — a?, y' — y for points lying in the plane (1), whence 
we obtain 

d^Z ^^ d^Z ^ ^d^Z ^^ ^. , ,„. 

dX-^^'^dXdY^'^dY'^''^^'^'^^ (^J- 

We deduce from (3) 

x—a_y — h_z — c p 

{Uid from (4) 

d^Z 1 +p* d'Z _ pq (T^ l+g* 
dX*' c-z' dXdY~c-z' dY^'e-z' 

Whence from (5) 

_ ^ 1 +/+ 2pym + (1 + g*) v/f 

J . IT-. — FT— t l+;>" + 2po'm + (l + 7*)w* fr,\ 
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The equation which gives the sections of greatest and least 
curvature at any point is obtained by making this expression for 
p a maximum or minimum by the variation of m. Whence 

{Pi + (1 + ?') '^l {^ + 2«m + tm*] 

- (« + <m) {1 +i>'+ 2pjw+ (1 + 3^ w'} = 0, 

or w*{«(l + 2')-i?j<}+w{r(l + g^-<(l+p")} 

+ {pgr-.(l+p»)«}=0 (7). 

172. It may happen that at certain points of a surface the 
two principal radii of curvature become equaL It follows from 
Art. 167 that the radii of curvature of all normal sections at that 
point are equal, the indicatrix in this case being a circle. Such 
a point is called an vmbilicus. 

The conditions for the existence of an umbilicus can be de- 
duced from the consideration that at such a point the expression 

wP + twi* + «(?n" + 2i*'wn + 2i;'wZ + 2tt?7w (1), 

must retain the same value for all values of I, m, n consistent 
with the conditions 

171+ Vm+ Wn = (2), 

Z" + m»+ ri» =1 (3). 

From (2) TPP+ Tm''+ 2UVlm = IPn« ; 

.*. 2m = Yfy • 

Smularly, 2nl = ^^^ , 

2mn = yyy, . 

Whence, substituting in (1), the expression 

must have the same value for all values of I, m, n consistent 
with (3). ^ 
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This gives the conditions 
u + ^{Uu'^ Ft;'- Ww']=v + -^irv'-Ww'^Uu'] 

^w+^iWw-'Uu'^Vv'} (4). 

If the equation of the surface be of the form 

fi = 0, v' = 0, w' = 0, and equations (4) become 

u = v=w (5), 

If U, V or W vanish the investigation fails. Suppose U= 0. 

Then Vm + Wn = 0, orn = — t??^* 

and the expression (1) becomes 

which must remain constant for all values of m and n consistent 
with the relation 

!Eence Ww - Fv' = 0, 

ana w— y^ V*+ W* ^ '* 

Similarly if F=0 or TF=0 the conditions may be de- 
duced. In these cases, three conditions have to be satisfied by 
a, y, z besides the equation of the surface, which will not gene- 
rally be consistent. 

The conditions for an umbilicus when the unsymmetrical 
form of the equation of a surface is used may be deduced from 
the consideration that the value of p in Art. 171 must be in- 
dependent of m. We thus get 

1+p* _ pj _ Ijf^ 

T 8 t ' 



= 0. (1), 
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173. Lines of Curvature. 

A line of curvature on any surface is a curve such that the 
tangent line to it at any point coincides with the tangent line to one 
of the principal sections at that point 

The differential equation of such lines is obtained by substi- 

. .. dx dy dz ^ y . , 

tutmg -^, ^ , ^ for I, m, n respectively, in the equations 

which determine the directions of the principal sections in Art. 
169. From the equations (4), (5) and (6) of. that Article we 
have, eliminating k and k\ 

ul + v/m + v'n, I, U 

wl + vw + u'n^ m, V 

vl+u'm + tun, n, W 

and replacing l, m^n hj --r , -^ , -r-, respectively, we get the 
differential equation of the lines of curvature. 

The differential equation of the projection of the lines of 
curvature on the plane of xy is obtained by writing ^ for m in 
the equation (7) of Art. 171. 

174. A line of curvature is sometimes defined as a curve 
such that the normals to the surface drawn at any two con- 
secutive points of the curve intersect each other. This definition 
leads at once to the equation (1) of the last article. For th^ 
equations of the normal at a point {x, y, z) are 

x-x _y-y_ z^z 

U ^ V" w '^'^^• 

The equations of the normal at a point (a?+flf, y+/9, -^+7) are 

x' ^x^a y' — y^fi 

U-\' ux^-w'p + V7 + ... ~ F + w;'a + 1?/8 + 1^7 + ... 

W-^voL-Vup^-vri^-... ^"^^^ 

where the remaining terms in the denominators contain higher 
powers of a, A 7. : 

A. o. 13 
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The condition that (2) and (3) should intersect is by 

Art. 31, 

U + uoL +w'fi + vy+... , U, a 

V + w'a+ t;y3 + w7+..., V, fi =0, 

t^ + w'ff + v'y, U, a 

whence w a + vfi +uy, V, ^ =0 (4), 

v'a + u'P + t^yy, W, 7 

"but ultimately a, i8, 7 are proportional to -1- , -^ , -7- , respec- 
tively, and the equation (4) reduces to the same as (1). 

175. The radii of curvature at any point of a quadric can 
be obtained from the preceding formulaB. Some of the results 
are so simple that they deserve a separate consideration. 

Since all parallel sections of a quadric are similar, it follows 
that the indicatrix at any point of such a sufface is similar and 
similarly situated to the section of the quadric by a plane 
through the origin parallel to the tangent plane at ibhe given 
point. Hence the tangents to the lines of curvature at any 
point are parallel to the axes of the section through the origin, 
and the umbilici are the points at which tangent planes can be 
drawn parallel to the planes which give circular sections* 

Now if a tangent line be drawn to a surface of the second 
degree at the extremity of the axis of any plane section of that 
surface and lying in the cutting plane, the axis of the section 
and this tangent line are at right angles. This tangent line to 
the quadric is therefore also a tangent line to a sphere described * 
with the origin as centre, and the length of the axis of the 

section as radius. 

... • 

176. Let the equation of an ellipsoid be 

and let a sphere be described with the origin as centre and any 
. radius Av The equation of this sphere s 

a'^ + y + «« = &' (2^ 
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The equation of the cone formed by straight lines joining 
the origin with all the points of intersection of (1) and (2) is 
therefore 

''(?-j)+^(?-p)+'" (?-?)-» <"• 

For this equation does represent a cone whose vertex is the 
origin and also represents some surface passing through the in- 
tersection of (1) and (2). 

Now every plane which passes through the origin and any 
tangent line to the curve of intersection of (1) and (2) is evidently 
a tangent plane to the cone (3). Hence if we draw a tangent 
plane to (3) along any generating line OP,*OPi& one axis of the 
section of (1) made by this plane. Let Q be the point of (1) 
at which a tangent plan^ can be drawn to (1) parallel to this sec- 
tion, then OQi% conjugate to the cutting plane, and if. 0-B be 
the other axis of the section, OP is conjugate to the plane 
through OQ and OR. 

The tangent to one line of curvature at Q is parallel to OR, 
and consequently lies in the plane QOR which is diametral 
to OP. 

Let OP, OP^, OP^ be three consecutive generating lines of 
the coije (3). OQ^ OQ^ the lines conjugate to the planes 
POP^t P^OP^ which are ultimately consecutive tangent planes 
to the cone (3). Then since OP, lies in a plane which is dia- 
metral to OQy and also in a plane diametral to OQ^^ QP^ is 
conjugate to the plane QOQ^, and the line joining QQ^ is 
ultimately the tangent line to one line of curvature which passes 
through Q, Hence one line of curvature through the point Q 
is the locus of the points at which tangent planes can be drawn 
to (1) parallel to the tangent planes to (3). 

Hence if Q be any point on an ellipsoid, and r, h the semi- 
axes of the central section which is parallel to the tai^gent plane 
at Q, the axis k is constant for all points on the line of curvature 

13—2 
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whoBe tangent at Q is parallel to r. But i£ p be the perpen- 
dicular on the tangent plane at Q, 

prk = <ibc (Art 7o, equation (3)), 
and therefore ^ = -7;- = constant. 

* • - - - 

177* The equation of any tangent plane to (3) is 

lx-{-mi/-{-nz'=0. (4), 

where I, m,n are connected by the relation 

ITT ni m^ ^^' 

a ie V le e ]f 

(See Chapter vm. Ex. 25.) 

and the equation of a tangent plane to (1) at the point 
(a?, y, z) is 



$ + $ + 4 = 1... (6). 



6^ ' V ' e 

Hence if (6) be parallel to (4) 

X y _ ^ 

or from (5) 

"~F "'If '^'Te 

and subtracting this from the equation 

^ + ^ + ^- = 1 



we get 



i-« ~ la 1 • T « 7 « Af 



which shews that the lines of curvature on an ellipsoid are its 
curves of intersection with confocal surfaces. 
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178. In the ellipsoid 



a 






tt = 



a 



t; = T«, w = 3> tt' = 0, V = 0, w' = 0. 



= 0. 



Hence the differential equation of the lines of curvature is 

1 dx X dx 
^da' a" da 
1% y dy 
b*dk' P' H 
Idz z dz 
?d8' ?' ds 



179. Taking the equation 



" +^+ " 



a* + k b' + k c^ + k 



= 1 



we have at the points where it meets the ellipsoid 



^+2^+5* = ! 



by subtraction 



+ w 



y 



"*" >.a /"^s 



Also by differentiating (1) and (3) we obtain 



= 



dx 



dy 



ds ^ ds '^ ds 



dz 

Z -r- 



1 



+ 



+ -5 



a* + k F+k c* + fc 



= 



(1), 



(2), 



(3). 



(4). 



dx 



" ds 



dz 
da 



a" (o' + k) '*■ b^(h^ + }e) "*'o*(<^ + *) 



sO 



(5), 
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And from (3), (4) and (3) eliminating 

111 



cf + k' 6» + ik' <?+k' 



we obtain 



a" 
dx 
Is' 



«— • Vzn- " 



dy dz 
ds' da 



X dx y dy z dz 
Z'di' V'ds' ?ds 



= 



(6). 



which is the same as equation (1) of the last article. 

Thus we obtain an independent proof of the fact that the 
lines of curvature on an ellipsoid coincide with its curves of 
intersection with a series of confocal quadrics. 

180. If we denote by I, m, n the direction-cosines of the 
tangent to either line of curvature at the point (a;, y, z) on the 
ellipsoid they must satisfy the equations 



or '^ or 



y 



m 



p + \m + fi^^ = 



-3 + X7l+/^-j = 

c c 



(1). 



(2). 
(3), 



which are obtained from the equations (3), (4) and (5) of the 
last article by the use of undetermined multipliers \ and fi. 

But if r be the central radius vector of the ellipsoid parallel 
to this tangent line considered, and p the perpendicular from 
the centre on the tangent plane to the ellipsoid at the point 
{x, y, z) we have 

w. 



1_P m» j^ 

« ^ 4 "^ X4 ~ 4 



(5). 
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Also from the equation of the ellipsoid, by differentiation 

«=§+?+? ■ («>• 

Differentiating (6), we have by means of (4) 

dl dm dn 
1 ^ ds , ^ ds ^ ds ^ ,^ 

. ?+-S^ + -F +~=^ (7> 

■2! '2/ Z 

Multiplying (1) by -, , (2) by f^ and (3) by -, and adding we 
have 

1 . /Ix . my . nz\ ^ 

or using the result obtained by differentiating (5), 

p* p^ ds * 

Again, multiplying (1) by ^» (2) bj -^, (3) by £ and 
adding, we have by (7) and (4) since also P + m' + w'=-l, 



Thus we obtain 






1 ^ _ 1 dr 
p ds ~ r ds* 



dt) dr r^ 

or r -r- +p-r = 0> 

ds ^ ds 

:, pr = constant. 

181. A few propositions must be added concerning a class 
of lines of great importance, namely geodesic lines. These may 
be defined as follows : 

A geodesic line on a surface is such that every small element 
PQ is the shortest line that can be drawn on the surface between 
Pand Q. 
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The general equation of geodesic lines on a surface 

F{x,y,z) = {y, 
can be obtidned by the help of Meunier's Theorem. 

For if PQ be two points on a geodesic line, so near to one 
another that the arc between them may be considered as a plane 
curve, the length of PQ will be least when the curvature of the 
curve i5 least, or when the radius of curvature of the small arc 
PQ is greatest. But this will be the case when the section of 
the surface by a plane through the element PQ is a normal 
section. Hence the osculating plane at any point of the curve 
must contain the normal to the surface at that point. But the 
direction-cosines of that normal to the curve which lies in the 
osculating plane are proportional to 

JPx cPy cPz 
d^' W' d?' 

and the direction-cosines of the normal to the surface are 
proportional to 

dF dF dF 
dx* dy' dz' 

Hence for all points in a geodesic line 

^x d^y d^z 

W^d^^d? .. 

^"iP^dF ^ ^' 

^ dx dy dz 

(See Liouville's Journal, Tome xiii. p. 79.) 

These equations can be also deduced by the Calculus of 
Variations. (Todhunter's Int Cede, Art. 351.) 

182. The equations of the last article can be applied to 
discover the forms of the geodesic lines on any surface. In the 
case of developable surfaces, this object can often be more 
simply effected by the consideration that when the surface is 
developed, the geodesic must become a straight line. Thus the 
geodesic lines on a cylinder are easily seen to be helices. 
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As an example in the case of a surface not developable, 
take the sphere 

^ + y« + ^ = a« , (1). 

The differential equations of the geodesic lines become 

^x ^ d^z 

X y z ^ 

dv dz ^ ,«,v 

•^•«^-y ^=constant==cJ,, (2). 

Similarly, 

dz dx ,^ 

"'ds-'ds=''*'- • (^' 

dx dy ,.. 

Multiplying (2) by a?, (3) by y, (4) by z, and adding, 
we get 

Cia? + c^ + c^ = ;.. (5), 

shewing that all geodesic lines are great circles. 

183. As a second example* take the ellipsoid 

a?" V* «' 

^+p+?=i- • w- 

The differential equations of the geodesic lines become 

d^x d^y d^z 

• ■*" — "■■■ — "■•... (^)» 

X y z ^ ' 

a« P ? 

Now let p be the perpendicular from the centre on the tan- 
gent plane to (1) at the point {x, y, z), and let r be the central 
radius of the ellipsoid drawn parallel to the tangent to the 
geodesic line at the point {x, y, z)^. . ^ . 
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Then i, = ^ + |- + ^, 

IT a* 6* c* 

Id^^^xdx ydy^ zdz . . 

-• p^ds^a'ds^h'ds^&ds '^"^^^ 

1 dr __ l^da; cZ'a? 1 dy^y^ i 1. ^^ ^^ 
r^ ds" a* ds d^ V ds d^ c*d8 ds* , 

^(^^f + Kf + ^^)j, (4). 

if A be put for each of the fractions in (2). 
Now each of the fractions in (2) 

X d^x y d^y z d^z 
. a'd^'^b'd?'^?dP 

which by equation (7) of Article 180 



1 






9 «^* 



' Hence from (3) and (4) 

1 dp r^ l^dr _^ 

dp dr ^ 

whence 

jpr = constant (6). 

This property is the same as that proved for lines of cur- 
vature, but the two systems of lines do not coincide. 
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Let p be the radius of absolute curvature of the geodesic at 
any point. Then each of the fractions in (2) 



/ (^\* J. f^\\ (^y 1 

=+ / Uv"^Uv Wy .p .p 

V a IT c V 



9 



Hence +2 — _E 

or p = ±^ (6); 

.'. p = At*, where A is some constant 

184. We shall conclude this subject with the following 
proposition, knoWn as Dupin's Theorem. 

If there he three series of surf aces such that all the surfaces 
of each series intersect those of the other series at right angles^ 
then the lines of intersection of the surfaces of different series are 
the lines of curvature on the surfaces. 

Let be the point of intersection of three surfaces, one of 
each system. Take as origin, and the tangent planes of the 
three surfaces as co-ordinate planes. Let 8^, 8^ 8^ be the sur- 
faces touched by the planes of yz, zx, xy, respectively, and let 
P, Q, It be points near in the curves of intersection of 8^, 8^ ; 
8^ iSf, ; 8^, 8^, respectively. Then since the surfaces 8^, 8^ cut 
at right angles, the normals at P to these surfaces are at right 
angles. Also since OF is ultimately a tangent line to both of 
them at P, the normals at P are both perpendicular to OP which 
is ultimately the axis of x. Let 0^, 0^ be the angles which the 
normals at Pto 8^, 8^, respectively make with the planes of zx, ocy 
respectively ; ^j, ^3 those which the normals at Q to 8^, 8^ make, 
with the planes of a:y, yz, respectively, and -^j, '^^ those which 
the normals at R to 8^, 8^ make with the planes of yz, zx^ 
respectively. Let the lengths of OP, OQ, OR be a, /8, 7, 
respectively. . 
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Since the normal to 8^ lies in the tangent plane to 8^ the 
tangent of the angle which the normal to 5, at makes with 

the plane of a:y is r-^ j , the suffix denoting the surface from 

which the differential coefficient is obtained. Hence the tan- 
gent of the angle which the normal to S^a,t P makes with the 
plane otxyia 



But 






whence ^»^^'^\1~) ^^timately. 

Similarly. <^^ = ^^(|). 



therefore 






Similarly. ^ = 3fc«; ^ = 4». 

'^ a 7 7 p 

But since the normals to S^ 8^ at P are at right angles. 

Similarly, <^i + <^j = 0, i^, + 1^, = 0, whence 6^ = 0, 

Hence the noimals to S^ at and P both lie in the plane 
of xy and intersect, and therefore OP is the tangent to the line 
of curvature on 8^ at 0. Whence the theorem follows. 
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1. Find the quadratic equation which gives the principal 
radii of curvature at any point of an ellipsoid. 

Deduce the position of the umbilici. 

2. Find the umbilici of the surfaces 

(1) wyz = a^ 
III 

and find the value of the radius of curvature at the umbilicus in 
each case. . . 

3. Find the equation of the projection of the lines of cur- 
vature of the surface xyz = a', on the plane of xy. 

4. Deduce the formulse for an umbilicus 

r 8 t ' 

first, from the consideration that the two principal radii of cur- 
vature are equal at an umbilicus ; secondly, from the considera- 
tion that the directions of the lines of curvature at an umbilicus 
are indeterminate. 

6. Find the conditions that the two principal radii of cur- 
vature at any point of a surface may be equal in magnitude but 
opposite in sign. 

Find the points on the surface 
for which this is the case. 
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6. Shew that if the origin be at an umbilicus and the nor- 
mal at that point the axis of 0, the equation of an ellipsoid may 
be put into the form 

«' + y' + ^^ (p — cl) '+ hyz + czx =a 0. 

7. Any chord is drawn through an umbilicus of an ellipsoid, 
and its extremity is joined with the extremity of the normal at 
the umbilicus. Prove that the locus of the intersection of the 
joining line with the plane through the umbilicus perpendicular 
to the chord is a plane. 

8. Prove that the lines of curvature of the surface 

a ax^b ax^o 

are circles, and that the plane of any one of them contains a 
fixed straight line lying wholly on the surface. 

9. Shew that pr is constant for all lines of cui-vature which 
pass through the same umbilicus of an ellipsoid. 

10. Shew that pr has the same value for all geodesic lined 
on an ellipsoid which touch the same line of curvature. 

11. U and V are two adjacent umbilici of an ellipsoid, 
P is any point on the surface which is joined by geodesic arcs 
with U and K Shew that the lines of curvature which pass 
through P bisect the interior and exterior angles- between FU 
erndPV. 

12. If a point P move on an ellipsoid so that the sum or 
difiFerence of the geodesic arcs PU, PF joining it with two ad- 
jacent umbilici of the ellipsoid is constant, shew that the locus 
of P is a line of curvature. 

13. From the differential equation of geodesic lines investi- 
gate the nature of the geodesies on a right circular cylinder. 
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14. Find the equations of the geodesic lines on a right 
circular cone ; first) from the differential equations, and secondly 
from the consideration that when the cone is developed the 
geodesies become straight lines. 

15. Shew that the distance of any point of a geodesic 
traced on a surface of rerolution from the axis varies inversely 
as the sine of the angle between the geodesic and the meridian 
of the surface which passes through that point. 

16. Find expressions for the principal radii of curvature at 
any point of a surface of revolution round the axis of x. 

17. Prove that the product of the principal radii of curva- 
ture at any point of a prolate spheroid varies as the product of 
the squares of the distances of the point from the foci of the 
generating ellipse. 

18. Shew that the locus of the focus of an ellipse rolling 
along a straight line is a curve such that if it revolve about that 
line, the sum of the curvatures of any two normal sections at 
right angles is the same at every point of the surface generated. 

19. If two surfaces cut each other at right angles, and B 
be the radius of curvature of the curve of intersection at any 
point, Pp Pj the radii of curvature of the normal sections of the 
two surfaces through the tangent line to the curve at that point, 
prove that 

-^ Px Pi 

20. K r, r' be the principal radii of curvature at any point 
of an ellipsoid on the line of intersection with a concentric 

sphere, shew that the expression -^^ — —, is invariable. 

r + 7" 

21. A plane is drawn through the centre of an ellipsoid 
perpendicular to the tangent line at any point P of a geodesic 
traced on the eUipsoid, an^ the length of the perpendicular from 
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P Oh this plane is p. A second plane is drawn touching the 
ellipsoid and perpendicular to the same tangent line, the per* 
pendicular on this plane from the centre being ^'. Prove that 

% b, c being the semi-axes of the ellipsoid and X a constant. 

22. If a geodesic line be drawn on a developable surface 
and cut any generating line of the surface at an angle -^ and 
at a distance t from the edge of regression* measured along the 
generator, prove that 

^ + ecot>fr = p, 

where p is the radiuff of curvature of the edge of regressioa at 
the point where the generator touches it. 

23. Prove that if r be the distance of any point of a geodesic 
from the origin, p the radius of absolute curvature, and p the 
perpendicular from the origin on the tangent plane to the 
surface, 

^ 1 cP{r^ 
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HORATIUS, ex recensione A. J, Mac- 

LEANE, A.M. 2s. 6d. 

JUVENALIS ET PERSIUS, ex recens. 
A. J. Maclkane, A.m. Is. 6d. 

LUCRETIUS, recognovit H. A. J. Munro, 
A. M. 2s. 6d. 

SALLUSTI CATILINA et JUGURTHA, 
recognovit G. Long, A.M. Is. 6d. 

TERENTIUS, relegit et emendavit 
WiLHELM Wagner, Ph. D. Zs. 

THUCYDIDES, recensuit J. G. Donald- 
son, S.T.P. 2 Vols. 3«. 6d. each vol. 

VERGILIUS, ex recensione J. Conington, 
A.M. ds. 6(2. 

XENOPHONTIS ANABASIS, recensuit 
J. F, Macmichael, A.B. 2s. 6d. 

Others in Preparation, 



ELEMENTARY TRIGONOMETRY. 

With a Collection of Examples. By T. P. 
Hudson, M A., Fellow of Trinity College. 
3«. ed. 

GEOMETRICAL OPTICS. By W. S. 
Aldis, M.A., Trinity College. Zs. 6d. 

COMPANION to the GREEK TESTA- 
MENT. Designed for the Use of Theological 
Students and the Upper Forms in Schools. By 
A. C. Barrett, A.M., Caius College. Second 
Edition, revised and enlarged. Fcap. 8vo. 5s. 

AN HISTORICAL and EXPLANATORY 

TREATISE ON THE BOOK OF COMMON 
PRAYER. By W. G. Humphry, B.D. Third 
and Cheaper Edition, revised and enlarged. 
Fcap. 8vo. 4«. 6d. 

MUSIC. By H. C. Banister, Professor 
of Harmonv and Composition at the Royal 
Academy or Music. 5s. 

Others in Preparation. 
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ARITHMETIC ANB ALGEBRA. 

Pelicotetics, or the Science of Quantity. An 

Elementary Treatise on Algebra and its groundwork Arithmetic. By 
ARCHIBALD SANDEMAN, M.A. 8vo. 20*. 

Arithmetic. For the Use of Schools and 

Colleges. By A. WRIGLET, M.A. 3». 6rf. 

Principles and Practice of Arithmetic. Com- 
prising the Nature and Use of Logarithms, with the Computations employed 
by Artificers, Gragers, and Land Surveyors. Designed for the Use of Students 
By J. HIND, M.A., formerly FeUow and Tutor of Sidney Sussex College. 
Ninth Edition, with Questions. 45. Qd, 

A Second Appendix of Miscellaneous Questions, (many of which have been 
taken from the Examination Papers given in the University during the 
last few years,) has been added to the present edition of this work, which 
the Author considers will conduce greatly to its practical utility, especially 
for those who are intended for mercantile pursuits. 

*«* ElEY, with Questions for Examination. Second Edition. 58. 

A Progressive Course of Examples in Arithmetic. 

With Answers. By JAMES WATSON, M.A., of Corpus Christi College, 
Cambridge, and formerly Senior Mathematical Master of the Ordnance School, 
Carshalton. Second Edition^ revised and corrected. Fcp. 8vo. 2«. 6d, 

Principles and Practice of Arithmetical Algebra, 

established upon strict methods of Mathematical Reasoning, and illustrated by 
Select Examples proposed during the last thirty years in the University of 
Cambridge. Designed for the Use of Students. By J. HIND, M.A. Third 
Edition. 12mo. 5s. 

Designed as a sequel to the Arithmetic, and affording an easy transition from 
Arithmetic to Algebra — the process being fuUy exemplified from the 
Cambridge Examination Papers. 

Elements of Algebra. Designed for the Use of 

Students in Schools and in the Universities. By J. HIND, M.A. Sixth 
Edition, revised. 540 pp. 8vo. 109. 6d. 



TRIGONOMETRY. 

Trigonometry, required for the Additional Subjects 

for Honours, according to the new scheme sanctioned by the Senate, June 1865. 
By J. Mcdowell, M.A., Pembroke College, Cambridge. Cm. Svo. Zs. ed. 

Elementary Trigonometry. With a Collection 

of Examples. By T. P. HUDSON, M. A., Fellow and Assistant Tutor of Trinity 
College. 38. 6d. 
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Elements of Plane and Spherical Trigonometry. 

With the Nature and Properties of Logarithms and Construction and Use 
of Mathematical Tables. designed for ^e use of Students in tiie TJniyersity. 
By J. HIND, M.A. Fifth Edition. 12mo. 6«. 

Solutions of the Trigonometrical Problems pro- 
posed at St. John's College, Cambridge, from 1829 to 1846. By T. GASKIN, 
M.A. 8vo. 9». 

MECHANIC 8 ANB HYBRO STATIC 8. 

Mechanics for the Previous Examination and 

the Ordinary B.A. Degree. By J. McDOWELL, M.A., Pembroke College, 
Cambridge. Crown 8vo. 3». 6^. 

Elementary Hydrostatics. By W. H. Besant, m.a. 

late Fellow of St. John's College. Feap. 8vo. 4». 

Elementary Hydrostatics for Junior University 

Students. By R. POTTER, M.A., late Fellow of Queens' College, Cambridge, 
Professor of Natural Philosophy and Astronomy in University College, London. 
Is. 6rf. 

Written to supply a Text-book for a Junior Mathematical Class, and to 
include the various Propositions that can be solved without the Differential 
Calculus. 

The author has endeavoured to meet the wants of students who may look to 
hydraulic engineering as their profession, as well as those who learn the 
subject in the course of scientific education. 

A Treatise on Hydromechanics. By W. H. 

BESANT, M.A. 8vo. Second Edition, enlarged, lOs. ^. 

Problems in illustration of the Principles of 

Theoretical Hydrostatics and Hydrodynamics. By W. WALTON, M.A. 8vo. 
10». 6rf. 

Elementary Problems in Statics and Dyna- 
mics. Designed for Candidates for Honours, first three days. By W. 
WALTON, M.A. 8vo. 10*. 6rf. 

Elementary Statics. By H. Goodwin, d.d., 

Lord Bishop of Carlisle. Fcap. Svo. 3*. cloth. 

Elementary Dynamics. By H. Goodwin, d.d.. 

Lord Bishop of Carlisle. Fcap. Svo. 3«. cloth. 

Treatise on Statics: containing the Theory 

of the Equilibrium of Forces, and numerous Examples Illustrative of the 
General Principles of the Science. By S. EARNSHAW, M.A. Fourth Edition. 
Svo. 10«. 



Educatiotmi Waris 



A Treatise on the Dynamics of a Rigid Body. 

By W, N, GRIFFIN, M.A. avo. 6». 6A 

•«• SOLUTIONS OF THE EXAMPLES. 8to. 6l 

Problems in illustration of the Principles of 

The(n^e«l Meohanks. By W. WALTON, M.A. StemdBHtimu 8to. 18*. 

Treatise on the Motion of a Single Particle and 

of Two Ptotktke acting on one anothfir. By A. SANDEXAX. Stol St. M. 

Of Motion. An Elementary Treatise. By J. R. 

LTJNN, M JL> FelloY and Lady SmSkifs Lectnzer of SL Joiufs CoOegeL 

An Elementary Treatise on Mechani cs. For 

tike use of Junior IJniTemty Students. By KICHABD POTTEB; A.JL« 
F.CP.S., late FeUov of Queens* CoUege,CamlKidge. ImrU Miimm, rmnmA. 

DIFFJSREynJL ASB INTEGRAL CAZCUZrS^ 

Elementary Treatise on the Diflferential Calcuhis. 

By W. H. mIlLER, X Jl. HUrdMitiom. Sro. 6m. 

Elementary Treatise on the DiCferential Cakmlxis. 

in vhich tface method of Lmtifes is exdnshrdy made use q£. Bt M. 
O'BBIEN^XJl $tqw 10^6dL 

Treatise on the Differential Calculus. Bv W. 

WALTON, MJl Sto. lOfcWL 

Greometrical Dlustrations of the Diflferential Cal- 

cuius. BtM. RPELL. STtK ^6d. 
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COSIC SECTIOyS ASD ANALYTICAL GEaXETRT. 

The Geometry of Conies for Beginners. Bt C. 

TATLOB; M. a., Fdlow of St Joiin's CoIIegs. Small Sto. 3il 6dL " 

Text Book of Geometry. By T. S. Aldis, If A ^ 

Trinity CoII^e> Camfaddge. &nall Sro. 4f. 6d. Part L — Amgifw — Pazalkfe 
— ^Triangle» — Equivalflnt Figures — Circles^ 2M.6tL PartlL PropostiiaL. 
Jfui F^Miiiud. 2s. Sold separately. 

Tike o^oeet QCtite wtwk. is to weseot d)» salqeaK simptT- aod octiflely, lamas: i 

and ex;>lanadQa to tbe TcMfdter, wimse freedom tass-teoiBS too oAbk ' 

a Teaeuer li«>wever this work inll poesbly ba JGoond no barrier to 
A« iSar aa prjetiacabie, esercfisesy largely aomencai, are gzreB ok die 

cbi« tide iMtpil may leam at onea die talne and oae ci i^at be atn " 
HypodfceCteal cottetnKiuai» are diroiiidioat employed. Iiwatan t rneoiemB- are 

aoce duin one way» leit die papiL rest in woinia ntlier das 

les^rded <^edy a» eserdses-oii die Theorema«. 
SlMTt Appendlee» are added oa die Analysia^ of Krawmay and die ApidJeatJoao^ 

and Al^bra to Qeomeccy. 
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Elementary An alytic al Geometry for Schools 

Beginners, By T. G. VYVYAN, Fellow of Gonville and Caiua Collet 



and 

College, and 
Mathematical Master of Charterhouse. Second Edition, revised. Crown 8yo. 
7». 6rf. 

Trilinear Co-ordinates, and other methods of 

Modem Analyti cal Oeomet ry of Two Dimensions. An Elementary Treatise. 
By W. ALLEN WHITWORTH, M.A., Professor of Mathematics in Queen's 
College, Liverpool, and late Scholar of St. John's College, Cambridge. 8yo. 1 6«. 

Elementary Geometrical Conic Sections. By 

W. H. BESANT, M.A. 4». 6rf. 

Conic Sections. Their principal Properties proved 

Geometrically. By the late W. WHEWELL, D.D., late Master of Trinity. 
Third Edition, Svo. 2«. ^. 

Geometrical Construction of a Conic Section. 

Subject to five Conditions of passing through ^yen points and touching 
straight lines deduced from the properties of involution and anharmonic 
Ratio, with a variety of general properties of Curves of the Second Order. 
By T. GASKm, M.A. Svo. 3». 

A Treatise on the Application of Analysis to 

SoHd Geometry. By D. F. GREGORY, M.A., and W. WALTON, M.A. 
Second Edition. Svo. 12». 

An Introduction to Analytical Plane Geometry. 

By W. P. TURNBULL, M.A., Fellow of Trinity College. Svo. 12#. 

An Elementary Treatise on Solid Geometry. By 

W. S. ALDIS, M.A. Svo. S*. 

Problems in illustration of the Principles of 

Plane Co-ordinate Geometry. By W. WALTON, M.A. Svo. 16«. 

Treatise on Plane Co-ordinate Geometry. Or 

the Application of the Method of Co-Ordinates to the Solutions of Prohlems in 
Plane Geometry. By M. O'BRIEN, M.A, Svo. 9». 

Solutions of the Geometrical Problems, consisting 

chiefly of Examples, proposed at St. John's College, from 1S30 to 1S46. 
With an AppencUx containing several General Properties of Curves of the 
Second Order, and the Determination of the Magnitude and Position of the 
axes of the Conic Section represented by the General Equation of the Second 
Degree. By T. GASKIN, M.A. Svo. 12*. 
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ASTRONOMY, ETC. 

An Introduction to Plain Astronomy. For the 

use of Colleges and Schools. By P. T. MAIN, M.A., Fellow of St Jolin's 
College. Fcap. 8yo., doth. 4«. 

Practical and Spherical Astronomy. For the Use 

chiefly of Students in the Uniyersities. By B. MAIN, M.A., Baddiffe 
Ohserver at Oxford. 8yo. 14«. 

Brunnow's Spherical Astronomy. Part I. In- 
cluding the Chapters on Parallax, Refraction, Aberration, Precession, and 
Nutation. Translated by B. MAIN, M.A., F.B.S., BadclifEe Observer at 
Oxford. 8yo. 8«. 6^. 

Elementary Chapters on Astronomy from the 

" Astronomic Physique" of Biot. By HABVEY GOODWIN, D.D., Bishop 
of Carlisle. 8yo. 3«. 6^. 

A Chapter on Fresnel's Theory of Double Be- 

fraction. By W. S. ALDIS, M.A. Svo. 2«. 

Notes on the Principles of Pure and Applied 

Calculation, and on the Mathematical Principles of Physical Theories. By J. 
CHALLIS, M.A., F.B.S., Plumian Professor of Astronomy and Experimental 
Philosophy in the University, and Fellow of Trinity College, Cambridge. Svo. 
Us. 

Choice and Chance. Two Chapters of Arith- 
metic. By WM. A. WHITWORTH, M.A., Fellow of St. John's College, 
Cambridge. Second Edition, enlarged. Crown Svo. 6«. 

Notes on Koulettes and Glissettes. By W. H. 

BESANT, M.A. Svo. 3«. 6rf. 

Exercises on Euclid and in Modern Geometry, 

containing Application s of the Principles and Processes of Modem Pure 
(xeometry. By J. McDOWELL, B.A,, Pembroke College. Crown Svo. 8«. 6rf. 

Elementary Cpurse of Mathematics. Designed 

principally for Students of the University of Cambridge. By HARVEY 
GOODWIN, D.D., Lord Bishop of Carlisle. Sixth Edition, revised and enlarged 
by P. T. MAIN, M.A., Fellow of St. John's College, Cambridge. Svo. 16* 
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Problems and Examples, adapted to the 

"Elementary Course of Mathematics." By HARVEY GOODWIN, D.D. 
With an Appendix, containing the Questions proposed during the first three days 
of the Senate-House Examination, by T. G. VYVYAN, M.A. Third Edition. 
8yo. 58. 

Solutions of Goodwin's Collection of Problems 

and Examples. By W. W. HUTT, M.A., late Fellow of Gonville and Caius 
College. Third Edition, revised and enlarged. By T. G. VYVYAN, M.A. 
8vo. 9«. 

Examples in Arithmetic, Algebra, Geometry, 

Logarithms, Trigonometry, Conic Sections, Mechanics, &c., with Answers 
and Occasional Hints. By 'A. WRIGLEY, M. A., Professor of Mathematics 
in the late Royal Military College, Addiscombe. Sixth Edition, corrected, 
8vo. 8«. 6rf. 

A Companion to Wrigley's Collection of Ex- 
amples and Problems, being Illustrations of Mathematical Processes and 
Methods of Solution. By J. PLATTS, Esq., Head Master of the Gt)yemment 
College, Benares, and A. WRIGLEY, M.A. 8vo. 12«. 

Figures illustrative of Geometrical Optics. From 

SCHELLBACH. By W. B. HOPKINS, B.D. Plates. FoHo. lOs. 6rf. 

A Treatise on Crystallography. By W. H. 

MILLER, M.A., Professor of Mineralogy in the University of Cambridge. 
Svo. 7*. 6rf. 

A Tract on Crystallography, designed for Stu- 
dents in the University. By W. H. MILLER, M.A. Svo. 5«. 

An Elementary Treatise on Optics. Part I. 

Containing all the requisite propositions carried to first Approximations ; with 
the construction of Optical Instruments. For the use of Junior University 
' Students. By RICHARD POTTER, A.M., F.C.P. S., late Fellow of Queens' 
College, Cambridge. Third Edition, revised. 9s. 6d. 

An Elementary Treatise on Optics. Part II. 

Containing the higher Propositions with their application to the more perfect 
forms of Instruments. By RICHARD POTTER, A.M., F.C.P.S. I2s. 6d. 

Physical Optics; or, the Nature and Properties 

of Light. A Descriptive and Experimental Treatise. By RICHARD 
POTTER, A.M., F.C.P.S. 6*. 6rf. 

Physical Optics. Part II. The Corpuscular 

Theorv of Light discussed Mathematically. By RICHARD POTTER, M.A., 
late Fellow of Queens* College, Cambridge, Professor of Natural Philosophy 
and Astronomy in University College, London. 7s. 6d. 
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CLASSICAL, 

Rome and the Campagna. An Historical and 

Topographical Description of the Site, Buildings, and Neighbonrhood of 
Ancient Rome. By ROBERT BURN, M.A., FeUow and Tutor of Trinity 
College, Cambridge. With Eighty-five fine Engravings by Jewitt, and 
Twenty-five Maps and Plans. Handsomely bound in cloth. 4to. J63. Za. 

jEtna. Revised, emended, and explained, by 

H. A. J. MUNRO, M.A., Fellow of Trinity College, Cambridge. 8vo., 3«. 6rf. 

jEschylus. Translated into English Prose, by 

F. A. PALEY, M.A., Editor of the Greek Text. Second Edition, revised. 
8vo. 7». 6rf. 

jEschylus. The Persians. Translated into 

English Verse by the Rev. WILLIAM GURNET, M.A., The Grammar 
School, Doncaster. Fcap. 8vo. 3«. 

Aristophanis Comoediae superstites cum deper- 

ditarum fragmentis, additis orgumentis adnotatione critica, metrorum descrip- 
tioue, onomastico, et lexicon. By HUBERT A. HOLDEN, LL.D., Head- 
Master of Ipswich School, late Fellow and Assistant Tutor of Trinity College, 
Cambridge. 8vo. 

Vol I. containing the Text expurgated with SummarieB and Critical Notes, 18«. 
The Plays sold separately : Achamenses, 2«. Equites, 1«. 6(2. Nubes, 1«. 6(2. Ye8])ae, 2<. 

Pax, \8. 6(2. Aves, 2a. Lysistrata et Thesmophoriazusae, 3«. Ranae, is. Ecdesiazasac 

et Plutus, Zs. 
YoL 11. Onomasticon Aristophanevm continens indicemgeographicvmet historic vm. 5«. Get. 

Aristophanes. Pax, with an Introduction and 

English Notes. By F. A. PALEY, M.A. Fcap. 8vo. 4*. 6rf. 

Six Lectures Introductory to the Philosophical 

Writings of Cicero, with some Explanatoij Notes on the suhject matter of the 
AcADEMiCA and Db Finibus. By T. "W. LEVIN, M. A., St. Catheuine's College, 
Inter-Collegiate Lecturer on Logic and Moral Philosophy. Svo. la. 6d, 

Cicero. The Letters of Cicero to Atticus, Bk. I. 

With Notes, and an Essay on the Character of the Author. Edited by 
A. PRETOR, M.A., late of Trinity College, Fellow of St Catharine's College, 
Cambridge. Crown Svo. 4«. 6d. 

Demosthenes. The Oration against the Law 

of Leptines. With English Notes and a Translation of Wolfs Prolegomena. 
By W. B. BEATSON, M. A., Fellow of Pembroke College. Small Svo. 6«. 

Demosthenes de Falsa Legatione. Fourth JEdition, 

carefully revised. By R. SHILLETO, M.A., Fellow of 8. Peter's College, 
Cambridge. [/« the Press. 

Euripides. Fabulae Quatuor. Scilicet, Hippo- 

lytus Coronifer, Alccstis, Iphigenia in Aulide, Iphigenia in Tauris. Ad fidem 
Manuscriptorum ac vetorum Editionum emendavit et Annotationibus instruzit 
J. H. MONK, S.T.P. JEditio Nova. Svo. 12». 
Separately — Hippolytus. Svo. cloth, 6s. Alcbstis. Svo. sewed, 4». Qd. 
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Homer. The First Book of Pope's Homer's Iliad. 

Translated into Latin Elegiacs, by the Hon. GEORGE DENMAN, M.A., 
formerly Fellow and Auditor of Trinity College, and Counsel to the TTniversity 
of Camoridge ; now one of the Judges of the Court of Common Pleas. Snudl 
8yo. cloth, is. 6d, 

Titi Lucreti Cari de Kerum Natura Libri Sex. 

With a Translation and Notes. By H. A. J. MUNRO, M.A., Fellow of 
Trinity College, Cambridge. Third Edition revised throughout, 2 yols. 8yo. 
Vol. I. Text, 168. Vol. II. Translation, 6*. 

Sold separately. 

Mvsae Etonenses sive Carminvm Etonae Condi- 

torvm Delectvs. Series Nova, Tomos Dvos, complectens. Edidit RICARDVS 
OKES, S.T.P., Coll. Regal, apvd Cantabrigienses PrsBpositvs. 8vo. Ids. 

Vol. II., to complete Sets, may be had separately, price 68. 

Plato. The Phaedo, with Notes, Critical and 

Exegetical, and an Analysis, by WILHELM WAGNER, Ph. D. Small Svo. 
68. ed. 

Plato. The Apology of Socrates and Onto, 

With Notes, Critical and Exegetical, by WILHELM WAGNER, Ph.D. 
Small Svo. 4«. 6^. 

Plato. The Protagoras of Plato. The Greek 

Text revised, with an Analysis and English Notes. By W. WAYTE, M.A., 
Fellow of King's CoUege, Cambridge, and Assistant Master at Eton. 8yo. 
Second Edition. 4«. 6^. 

Plato. Philebus. Translated with short Ex- 
planatory Notes. By F. A. PALEY, M.A. Small Svo. 4«. 

Plato's Gorgias, literally translated, with an 

Introductory Essay containing a Summary of the Argument. By E. M. 
COPE, M.A., Fellow of Trinity College. Svo. 7». 

Plautus. Aulularia. With Notes, Critical and 

Exegetical, and an Introduction on Plautian Prosody. By WILHELM 
WAGNER, Ph.D. Svo. 9«. 

Plautus. Trinummus. With Notes, Critical and 

Exegetical. By WILHELM WAGNER, Ph. D. Small Svo. 4«. 6d. 

Verse-Translations from Propertius, Book V. 

With a Revised Latin Text, and Brief English Notes. By F. A. PALEY, 
M.A., Editor of Propertius, Ovid's Fasti, &c. Fcp Svo. 3*. 

Terence, with Notes, Critical and Explanatory. 

By WILHELM WAGNER, Ph. D. Post Svo. 10«. ed. 

Theocritus, with Short Critical and Explanatory 

Latin Notes. By F. A. PALEY, M.A. Second Edition, corrected and en- 
larged, and containing the newly discovered Idyll. Crown Svo. is, 6d, 
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Theocritus. Translated into English Verse, by 

C. S. CALVERLEY, M.A., late FeUow of Chrisf a College, Cambridge. 
Crown 8yo. 7». 6rf. 

Translations into Greek and Latin Verse. By 

R. C. JEBB, Fellow of Trinity College and Public Orator in the University 
of Cambridge. 4to. cloth gilt. 10«. 6d. 

Thucydides. The History of the Peloponnesian 

War, by THUCYDIDES. With Notes and a careful Collation of the two 
Cambridge Manuscripts, and of Aldine and Juntine Editions. By RICHARD 
SHILLETO, M.A., FeUow of S. Peter's CoUege, Cambridge. Book. I. 8vo. 
6«. 6d. Book II. m the Fress. ^ 

Translations into English and Latin, by C. S. 

CALVERLEY, M.A., late Fellow of Christ's College, Cambridge. Post 8vo. 
78. 6d. 

Arundines Cami. Sive Musarum Cantabrigien- 

sium Lusus Canori. CoUegit atque edidit HENRICUS DRURY, A.M., 
Archidiaconus Wiltonensis Collegii Caiani in Graecis ac Latinis Literis quon- 
dam Preelector. Equitare in arundine longa. Editio Sexta. Curavit 
HENRICUS JOHANNES HODGSON, A.M., CoUegu SS. Trinitatis quon- 
dam Socius. Crown 8vo. 7«. 6rf. 

Sertum Carthusianum Floribus trium Seculorum 

Contextum. Cura GULIELMI HAIG BROWN, Scholae Carthusiana 
Archididascali. Svo. 14«. 

Foliorum Silvula. Part L Being Passages for 

Translation into Latin Elegiac and Heroic Verse, edited by HUBERT A. 
HOLDEN, LL.D., late FeUow of Trinity College, Head Master of Queen 
Elizabeth's School, Ipswich. Sixth Edition. Post 8yo. 7«. 6ef. 

Foliorum Silvula. Part II. Being Select Passages 

for Translation into Latin Lyric and Comic Iambic Verse. By HUBERT 
A. HOLDEN, LL.D. Third Edition. Post Svo. 5». 

Foliorum Silvula. Part III. Being Select 

Passages for Translation into Greek Verse, edited with Notes by HUBERT 
A. HOLDEN, LL.D. Third Edition. Post Svo. S«. 

Folia SilvulaB, sive Eclogae Poetarum Anglicorum 

in Latinum et GrsDcum conversBB quas disposuit HUBERTUS A. HOLDEN 
LL.D. Volumen Prius continens Fasciculos I. II. Svo. 10«. 6^. 

Volumen Alterum continens Fasciculos III. IV. Svo. 12«. 

Foliorum CenturiaB. Selections for Translation 

into Latin and Greek Prose, chiefly from the University and College Examina- 
tion Papers. By HUBERT A. HOLDEN, LL.D. Fifth Edition. Post 
Svo. S*. 



Greek Verse Composition, for the use of Public 

Schools and Private Students. Being a revised edition of the Greek Verses of 
Shrewshury School. By GEORGE PRESTON, M.A., Fellow of Magdalene 
College. Crown 8vo. 4». (yd, 

A Complete Latin Grammar. Third Edition. 

Very much enlarged, and adapted for the use of University Students. 
By J. W. DONALDSON, D.D., formerly Fellow of Trinity College, Cam- 
bridge. 8vo. 149. 

A Complete Greek Grammar. Third Edition. 

Very much enlarged, and adapted for the use of University Students. 
By J. W. DONALDSON, D.D. 8vo. 16«. 

Index of Passages of Greek Authors quoted or referred to in Dr. Donaldson's 

Greek Grammar, price Qd, 

Varroniamis. A Critical and Historical Intro- 
duction to the Ethnography of Ancient Italy and to the Philological Study 
of the Latin Language. Third Edition^ revised and considertMy enlarged. 
By J. W. DONALDSON, D.D. 8vo. 16«. 

Classical Scholarship and Classical Learning con- 
sidered with especial reference to Competitive Tests and University Teaching. 
A Practical Essay on Liheral Education. By J. W. DONALDSON, D.D. 
Crown 8vo. 6s, 

The Greek Testament : with a Critically revised 

Text; a Digest of various Readings; Marginal References to Verbal and 
Idiomatic Usage ; Prolegomena ; and a Critical and Exegetical Commentary. 
For the Use of Theological Students and Ministers. By HENRY ALFORD. 
D.D., Dean of Canterbury. 4 vols. 8vo. Sold separately. 

Vol. I. SIXTH EDITION, Containing the Four Grospels. 1/, %s, — ^Vol. II. sixth 
BDinoN, containing the Acts of the AposUes, Epistles to the Romans and 
Corinthians. 1/. 4«. — Vol. III. sixth edition, containing the Epistles 
to the Gralatians, Ephesians, Philippians, Colossians, Th^Bsalonians, — ^to 
Timotheus, Titus, and Philemon. 18*. — ^Vol. IV. Parti, poukth edition. 
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By HENRY ALFORD, D.D. Abridged by BRADLEY H. ALFORD, M.A., 
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Tertnlliani Liber Apologeticus. 

The Apology of Tertullian. With English Notes and a Preface, intended as 
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H. A. WOODHAM, LL.D. Second Edition, 8vo. ^.Qd, 

The Mathematical and other Writings of Kobert 

LESLIE ELLIS, M.A., late Fellow of Trinity College, Cambridge. Edited 
by WILLIAM WALTON, M.A., Trinity College, with a Biographical 
Memoir by HARVEY GOODWIN, D.D., Lord Bp. of Carlisle. 8vo. 16*. 
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Lectures on the History of Moral Philosophy 

in England. By W. WHEWELL, D.D., formerly Master of Trinity Col- 
lege, Cambridge. New and Improved Edition, with Additional Lectures. 
Crown 8vo. 8«. 

Elements of Morality, including Polity. By W. 

WHEWELL, D.D. New Edition, m^yo. Us, 

Astronomy and General Physics considered with 

reference to Natural Theology (Bridgewatcr Treatise). By W. WHEWELL. 
New Edition, uniform with the Aldine Editions. 68. 
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yised with Notes and Cases brought down to the present time. Edited by 
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A Syriac Grammar. By G. PmLLiPS, D.D., 
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By W. J. BEAMONT, M.A. Revised by Sheikh Ali Nady el Barbant, 
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The Student's Guide to the University of 
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Graduati • Cantabrigienses : sive Catalogus Ex- 
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